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Abstract

For a1, a2, · · · , a6 ∈ N and n ∈ N ∪ {0}, we define

R6(a1, a2, · · · , a6;n) = card{(x1, x2, · · · , x6) ∈ Z6|n = a1x
2
1 + a2x

2
2 + · · ·+ a6x

2
6}

and mainly we obtain some convolution sums

n−1∑
m=1

R6(1, 1, 1, 1, 4, 4; 4m)R6(1, 1, 1, 1, 4, 4; 4n− 4m),

n∑
m=1

R6(1, 1, 1, 4, 4, 4; 4m− 2)R6(1, 1, 1, 4, 4, 4; 4n− 4m+ 2),

2n−1∑
m=1

R6(1, 1, 1, 1, 1, 4; 2m)R6(1, 1, 1, 1, 1, 4; 4n− 2m),

and etc.
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1 Introduction

Let N, Z, and C denote the sets of positive integers, integers, and complex numbers respectively.
For n ∈ N, k ∈ N ∪ {0}, q ∈ C with |q| < 1, we define

σk(n) =
∑
d|n

dk and A(q) :=
∞∑

n=1

a(n)qn = q
∞∏

n=1

(1− q2n)12.

Then we can clearly know that

a(n) = 0 for even n. (1.1)

We set for a1, a2, · · · , ak ∈ N, k ∈ N, and n ∈ N ∪ {0}

Rk(a1, a2, · · · , ak;n) := card{(x1, x2, · · · , xk) ∈ Zk|n = a1x
2
1 + a2x

2
2 + · · ·+ akx

2
k}. (1.2)

Briefly we write (1.2) as

Rk(1, 1, · · · , 1;n) := Rk(n).

For example, Jacobi’s classical results [1, §§40–42, p. 159–170] are that

R4(n) = 8σ1(n)− 32σ1(
n

4
) and R8(n) = 16σ3(n)− 32σ3(

n

2
) + 256σ3(

n

4
).

Moreover Glaisher [2, p. 480], [3] showed a formula for R12(n) in 1907. A simple proof of a formula
equivalent to Glaisher’s formula is given in Williams [4] by

R12(n) = 8σ5(n)− 512σ5(
n

4
) + 16a(n). (1.3)

Next we require

φ(q) :=
∞∑

n=−∞

qn
2

and ψ(q) :=
∞∑

n=0

qn(n+1)/2,

where q ∈ C such that |q| < 1. Related to (1.2) we can see that

∞∑
n=0

Rk(a1, a2, · · · , ak;n)qn = φ(qa1)φ(qa2) · · ·φ(qak)

for instance, it is obvious by (1.3)

φ12(q) = 1 +
∞∑

n=1

R12(n)q
n = 1 +

∞∑
n=1

(
8σ5(n)− 512σ5(

n

4
) + 16a(n)

)
qn. (1.4)

In this article we pay attention to the Legendre-Jacobi-Kronecker symbol for discriminant −4, that
is

2
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(
−4

n

)
:=


0, if n ≡ 0 (mod 2),

1, if n ≡ 1 (mod 4),

−1, if n ≡ 3 (mod 4)

for n ∈ N and dealing with

(
−4

n

)
we construct

G4(n) :=
∑
d|n

(
−4

n/d

)
d2 and H4(n) :=

∑
d|n

(
−4

d

)
d2

as Alaca et al. [5, (1.3)]. Using G4(n) and H4(n) we deduce as follows :

Lemma 1.1. Let n ∈ N. Then

(a)

n∑
m=1

H4(2m− 1)G4(2n− 2m+ 1) = a(n),

(b)

n∑
m=1

H4(2m− 1)H4(2n− 2m+ 1) =
1

2
σ5(n)−

65

2
σ5(

n

2
) + 32σ5(

n

4
) +

1

2
a(n),

(c)

n∑
m=1

G4(2m− 1)G4(2n− 2m+ 1) =
1

2
σ5(n)−

1

2
σ5(

n

2
) +

1

2
a(n).

Now it is definite that

G4(2n) = 4G4(n) and H4(2n) = H4(n). (1.5)

In addition to G4(n) and H4(n), we need the function

I(n) :=
∑

(x,y)∈Z2

n=x2+4y2

(
x2 − 4y2

)
, n ≡ 1 (mod 2). (1.6)

And we note that x2 + 4y2 ≡ 0 or 1 (mod 4) for (x, y) ∈ Z2 so that

I(n) = 0, if n ≡ 3 (mod 4). (1.7)

We obtain Theorem 1.2 as one of applications of (1.2) :

Theorem 1.2. Let n ∈ N. Then we have

(a)

2n−1∑
m=1

R6(1, 1, 1, 1, 1, 4; 2m)R6(1, 1, 1, 1, 1, 4; 4n− 2m)

= 1088σ5(n)− 1080σ5(
n

2
)− 512σ5(

n

4
)− 192G4(n) + 8H4(n) + 696a(n),

3
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(b)

2n−1∑
m=1

R6(1, 1, 1, 1, 4, 4; 2m)R6(1, 1, 1, 1, 4, 4; 4n− 2m)

= 320σ5(n)− 312σ5(
n

2
)− 512σ5(

n

4
)− 64G4(n) + 8H4(n) + 312a(n),

(c)

2n−1∑
m=1

R6(1, 1, 1, 4, 4, 4; 2m)R6(1, 1, 1, 4, 4, 4; 4n− 2m)

= 80σ5(n)− 72σ5(
n

2
)− 512σ5(

n

4
)− 32G4(n) + 8H4(n) + 88a(n),

(d)

2n−1∑
m=1

R6(1, 1, 4, 4, 4, 4; 2m)R6(1, 1, 4, 4, 4, 4; 4n− 2m)

= 16σ5(n)− 8σ5(
n

2
)− 512σ5(

n

4
)− 32G4(n) + 8H4(n) + 24a(n),

(e)

2n−1∑
m=1

R6(1, 4, 4, 4, 4, 4; 2m)R6(1, 4, 4, 4, 4, 4; 4n− 2m)

= 8σ5(n)− 512σ5(
n

4
)− 32G4(n) + 8H4(n) + 16a(n),

(f)

2n−1∑
m=1

R6(1, 1, 1, 2, 2, 4; 2m)R6(1, 1, 1, 2, 2, 4; 4n− 2m)

= 256σ5(n)− 248σ5(
n

2
)− 512σ5(

n

4
)− 128G4(n) + 8H4(n) + 120a(n),

(g)

2n−1∑
m=1

R6(1, 1, 2, 2, 4, 4; 2m)R6(1, 1, 2, 2, 4, 4; 4n− 2m)

= 64σ5(n)− 56σ5(
n

2
)− 512σ5(

n

4
)− 64G4(n) + 8H4(n) + 56a(n),

(h)

2n−1∑
m=1

R6(1, 2, 2, 4, 4, 4; 2m)R6(1, 2, 2, 4, 4, 4; 4n− 2m)

= 16σ5(n)− 8σ5(
n

2
)− 512σ5(

n

4
)− 32G4(n) + 8H4(n) + 24a(n).

In Section 3 we show :

Theorem 1.3. Let q ∈ C and n ∈ N. Then we obtain

4
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(a)

qφ8(q)φ2(q2)ψ2(q4) =

∞∑
n=1

(
1

2
σ5(n)−

1

2
σ5(

n

2
) +

1

2
a(n)

)
qn,

(b)

qφ8(−q)φ2(q2)ψ2(q4) =
∞∑

n=1

(
1

2
σ5(n)−

65

2
σ5(

n

2
) + 32σ5(

n

4
) +

1

2
a(n)

)
qn.

2 Proofs of Lemma 1.1, Theorem 1.2 and Comparable
Convolution Sums

The basic properties of φ(q) are :

Proposition 2.1. (See Berndt [6, Eq. (1.3.32), Eq. (3.6.7)]) Let q ∈ Q with |q| < 1. Then we
have

(a)

φ2(q) + φ2(−q) = 2φ2(q2),

(b)

φ(−q)φ(q) = φ2(−q2).

Moreover in Alaca et al. [5, Theorem 2.1] we can see that

∞∑
n=1

n≡1 (mod 4)

I(n)qn =
1

8
φ5(q)φ(−q)− 1

8
φ(q)φ5(−q). (2.1)

Lemma 2.1. Let n ∈ N. Then we have

∑
m<n+1

2

I(2m− 1)I(n− 2m+ 1)

= − 7

60

(
(−1)

n
2 + 1

)
σ5(

n

2
) +

1

30

(
80(−1)

n
2 + 151

)
σ5(

n

4
)

+
16

15

(
15(−1)

n
2 − 22

)
σ5(

n

8
) +

1

4
((−1)n + 1)σ3(n)−

9

2
σ3(

n

2
)

+
2

3

{
−3
(
(−1)

n
2 − 1

)
n+ 2

(
(−1)

n
2 + 2

)}
σ3(

n

4
)

−
(
(−1)

n
2 − 1

)
σ1(

n

8
)− 1

2

(
(−1)

n
2 − 7

)
a(
n

2
).

Proof. In advance we have shown that

5
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φ2(q)φ10(−q) + φ10(q)φ2(−q)

= 2 +

∞∑
n=1

{
16

15

(
8(−1)

n
2 − 7

)
σ5(

n

2
) +

32

15

(
80(−1)

n
2 + 151

)
σ5(

n

4
)

− 22528

15
σ5(

n

8
) + 16 ((−1)n + 1)σ3(n)− 288σ3(

n

2
)

− 128

3

{
3
(
(−1)

n
2 − 1

)
n− 2

(
(−1)

n
2 + 2

)}
σ3(

n

4
)

− 64
(
(−1)

n
2 − 1

)
σ1(

n

8
) + 224a(

n

2
)

}
qn

(2.2)

with all n ∈ N in Kim [7, (26)] also by (1.4) and Proposition 2.1 (b), we obtain

φ6(q)φ6(−q) = φ12(−q2)

= 1 +
∞∑

n=1

(
8σ5(n)− 512σ5(

n

4
) + 16a(n)

)
(−q2)n

= 1 +

∞∑
n=1

(
8(−1)

n
2 σ5(

n

2
)− 512(−1)

n
2 σ5(

n

8
) + 16(−1)

n
2 a(

n

2
)
)
qn.

(2.3)

Therefore by (1.6), (1.7), and (2.1) we can show that

∞∑
N=1

(
N∑

m=1

I(2m− 1)I(2N − 2m+ 1)

)
q2N

=

(
∞∑

m=1

I(2m− 1)q2m−1

)(
∞∑

n=1

I(2n− 1)q2n−1

)

=

 ∞∑
m=1

m≡1 (mod 2)

I(m)qm


 ∞∑

n=1
n≡1 (mod 2)

I(n)qn



=

 ∞∑
m=1

m≡1 (mod 4)

I(m)qm


 ∞∑

n=1
n≡1 (mod 4)

I(n)qn


=

(
1

8
φ5(q)φ(−q)− 1

8
φ(q)φ5(−q)

)2

=
1

64

(
φ10(q)φ2(−q) + φ2(q)φ10(−q)− 2φ6(q)φ6(−q)

)
and so we apply (2.2) and (2.3).

Proposition 2.2. (See Kim [7, Theorem 1.2]) Let n ∈ N. Then we have

(a)

n−1∑
m=1

H4(m)G4(n−m) =
1

4
G4(n)−

1

4
a(n),

6
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(b)

n−1∑
m=1

H4(m)H4(n−m) =
1

2
σ5(

n

2
)− 32σ5(

n

4
) +

1

2
H4(n)−

1

2
a(n),

(c)

n−1∑
m=1

G4(m)G4(n−m) =
1

32
σ5(n)−

1

32
σ5(

n

2
)− 1

32
a(n).

Proposition 2.2 is essential to deduce some various convolution sums in whole parts. First of all
there is a relation of divisor functions as

σk(pn)−
(
pk + 1

)
σk(n) + pkσk(

n

p
) = 0 (2.4)

for a prime p and k, n ∈ N in Williams [8, Theorem 3.1(ii)].

Proposition 2.3. (See Alaca et al. [5, Theorem 1.1]) Let n ∈ N. Then we have

(a)

R6(1, 1, 1, 1, 1, 4;n) =


6G4(n) + 2I(n), if n ≡ 1 (mod 4),

10G4(n), if n ≡ 2, 3 (mod 4),

6G4(n)− 4H4(n), if n ≡ 0 (mod 4).

(b)

R6(1, 1, 1, 1, 4, 4;n) =


4G4(n) + 2I(n), if n ≡ 1 (mod 4),

4G4(n), if n ≡ 3 (mod 4),

6G4(n), if n ≡ 2 (mod 4),

2G4(n)− 4H4(n), if n ≡ 0 (mod 4).

(c)

R6(1, 1, 1, 4, 4, 4;n) =


3G4(n) +

3
2
I(n), if n ≡ 1 (mod 4),

G4(n), if n ≡ 3 (mod 4),

3G4(n), if n ≡ 2 (mod 4),

G4(n)− 4H4(n), if n ≡ 0 (mod 4).

(d)

R6(1, 1, 4, 4, 4, 4;n) =


2G4(n) + I(n), if n ≡ 1 (mod 4),

0, if n ≡ 3 (mod 4),

G4(n), if n ≡ 2 (mod 4),

G4(n)− 4H4(n), if n ≡ 0 (mod 4).

(e)

R6(1, 4, 4, 4, 4, 4;n) =


G4(n) +

1
2
I(n), if n ≡ 1 (mod 4),

0, if n ≡ 2, 3 (mod 4),

G4(n)− 4H4(n), if n ≡ 0 (mod 4).

7
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(f)

R6(1, 1, 1, 2, 2, 4;n) =


4G4(n) + I(n), if n ≡ 1 (mod 4),

4G4(n), if n ≡ 2, 3 (mod 4),

4G4(n)− 4H4(n), if n ≡ 0 (mod 4).

(g)

R6(1, 1, 2, 2, 4, 4;n) =


2G4(n) + I(n), if n ≡ 1 (mod 4),

2G4(n), if n ≡ 2, 3 (mod 4),

2G4(n)− 4H4(n), if n ≡ 0 (mod 4).

(h)

R6(1, 2, 2, 4, 4, 4;n) =


G4(n) +

1
2
I(n), if n ≡ 1 (mod 4),

G4(n), if n ≡ 2, 3 (mod 4),

G4(n)− 4H4(n), if n ≡ 0 (mod 4).

Proof of Lemma 1.1. (a) By (1.1), (1.5), and Proposition 2.2 (a) let us expand

2n−1∑
m=1

H4(m)G4(2n−m)

=

n−1∑
m=1

H4(2m)G4(2n− 2m) +
n∑

m=1

H4(2m− 1)G4(2n− 2m+ 1)

= 4

n−1∑
m=1

H4(m)G4(n−m) +

n∑
m=1

H4(2m− 1)G4(2n− 2m+ 1)

and so

n∑
m=1

H4(2m− 1)G4(2n− 2m+ 1)

=

2n−1∑
m=1

H4(m)G4(2n−m)− 4

n−1∑
m=1

H4(m)G4(n−m)

= a(n)− 1

4
a(2n)

= a(n).

(b) In a similar manner to Lemma 1.1 (a), we can know that

2n−1∑
m=1

H4(m)H4(2n−m)

=

n−1∑
m=1

H4(2m)H4(2n− 2m) +

n∑
m=1

H4(2m− 1)H4(2n− 2m+ 1)

=

n−1∑
m=1

H4(m)H4(n−m) +

n∑
m=1

H4(2m− 1)H4(2n− 2m+ 1)

8
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and so appealing to (1.1), (1.5), and Proposition 2.2 (b) we have

n∑
m=1

H4(2m− 1)H4(2n− 2m+ 1)

=

2n−1∑
m=1

H4(m)H4(2n−m)−
n−1∑
m=1

H4(m)H4(n−m)

=
1

2
σ5(n)−

65

2
σ5(

n

2
) + 32σ5(

n

4
) +

1

2
H4(2n)−

1

2
H4(n)−

1

2
a(2n) +

1

2
a(n)

=
1

2
σ5(n)−

65

2
σ5(

n

2
) + 32σ5(

n

4
) +

1

2
a(n).

(c) Now from (1.1), (1.5), Proposition 2.2 (c), and (2.4) we can deduce that

n∑
m=1

G4(2m− 1)G4(2n− 2m+ 1)

=

2n−1∑
m=1

G4(m)G4(2n−m)− 16

n−1∑
m=1

G4(m)G4(n−m)

=
1

32
σ5(2n)−

17

32
σ5(n) +

1

2
σ5(

n

2
)− 1

32
a(2n) +

1

2
a(n)

=
1

32

{
33σ5(n)− 32σ5(

n

2
)
}
− 17

32
σ5(n) +

1

2
σ5(

n

2
) +

1

2
a(n)

=
1

2
σ5(n)−

1

2
σ5(

n

2
) +

1

2
a(n).

Theorem 2.2. Let n ∈ N. Then we have

(a)

n−1∑
m=1

R6(1, 1, 1, 1, 1, 4; 4m)R6(1, 1, 1, 1, 1, 4; 4n− 4m)

= 288σ5(n)− 280σ5(
n

2
)− 512σ5(

n

4
)− 192G4(n) + 8H4(n)− 104a(n),

(b)

n−1∑
m=1

R6(1, 1, 1, 1, 4, 4; 4m)R6(1, 1, 1, 1, 4, 4; 4n− 4m)

= 32σ5(n)− 24σ5(
n

2
)− 512σ5(

n

4
)− 64G4(n) + 8H4(n) + 24a(n),

(c)

n−1∑
m=1

R6(1, 1, 1, 4, 4, 4; 4m)R6(1, 1, 1, 4, 4, 4; 4n− 4m)

= 8σ5(n)− 512σ5(
n

4
)− 32G4(n) + 8H4(n) + 16a(n),

9
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(d)

n−1∑
m=1

R6(1, 1, 4, 4, 4, 4; 4m)R6(1, 1, 4, 4, 4, 4; 4n− 4m)

= 8σ5(n)− 512σ5(
n

4
)− 32G4(n) + 8H4(n) + 16a(n),

(e)

n−1∑
m=1

R6(1, 4, 4, 4, 4, 4; 4m)R6(1, 4, 4, 4, 4, 4; 4n− 4m)

= 8σ5(n)− 512σ5(
n

4
)− 32G4(n) + 8H4(n) + 16a(n),

(f)

n−1∑
m=1

R6(1, 1, 1, 2, 2, 4; 4m)R6(1, 1, 1, 2, 2, 4; 4n− 4m)

= 128σ5(n)− 120σ5(
n

2
)− 512σ5(

n

4
)− 128G4(n) + 8H4(n)− 8a(n),

(g)

n−1∑
m=1

R6(1, 1, 2, 2, 4, 4; 4m)R6(1, 1, 2, 2, 4, 4; 4n− 4m)

= 32σ5(n)− 24σ5(
n

2
)− 512σ5(

n

4
)− 64G4(n) + 8H4(n) + 24a(n),

(h)

n−1∑
m=1

R6(1, 2, 2, 4, 4, 4; 4m)R6(1, 2, 2, 4, 4, 4; 4n− 4m)

= 8σ5(n)− 512σ5(
n

4
)− 32G4(n) + 8H4(n) + 16a(n).

Proof. Since the proofs are similar therefore we only prove (a). From (1.5) and Proposition 2.3 (a)
we note that

n−1∑
m=1

R6(1, 1, 1, 1, 1, 4; 4m)R6(1, 1, 1, 1, 1, 4; 4n− 4m)

=

n−1∑
m=1

{
6G4(4m)− 4H4(4m)

}{
6G4(4(n−m))− 4H4(4(n−m))

}
=

n−1∑
m=1

{
6 · 16G4(m)− 4H4(m)

}{
6 · 16G4(n−m)− 4H4(n−m)

}
= (6 · 16)2

n−1∑
m=1

G4(m)G4(n−m)− 6 · 16 · 4
n−1∑
m=1

G4(m)H4(n−m)

− 4 · 6 · 16
n−1∑
m=1

H4(m)G4(n−m) + 4 · 4
n−1∑
m=1

H4(m)H4(n−m)

and so we appeal to Proposition 2.2.

10
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Theorem 2.3. Let n ∈ N. Then we have

(a)

n∑
m=1

R6(1, 1, 1, 1, 1, 4; 4m− 2)R6(1, 1, 1, 1, 1, 4; 4n− 4m+ 2)

= 800σ5(n)− 800σ5(
n

2
) + 800a(n),

(b)

n∑
m=1

R6(1, 1, 1, 1, 4, 4; 4m− 2)R6(1, 1, 1, 1, 4, 4; 4n− 4m+ 2)

= 288σ5(n)− 288σ5(
n

2
) + 288a(n),

(c)

n∑
m=1

R6(1, 1, 1, 4, 4, 4; 4m− 2)R6(1, 1, 1, 4, 4, 4; 4n− 4m+ 2)

= 72σ5(n)− 72σ5(
n

2
) + 72a(n),

(d)

n∑
m=1

R6(1, 1, 4, 4, 4, 4; 4m− 2)R6(1, 1, 4, 4, 4, 4; 4n− 4m+ 2)

= 8σ5(n)− 8σ5(
n

2
) + 8a(n),

(e)

n∑
m=1

R6(1, 4, 4, 4, 4, 4; 4m− 2)R6(1, 4, 4, 4, 4, 4; 4n− 4m+ 2) = 0,

(f)

n∑
m=1

R6(1, 1, 1, 2, 2, 4; 4m− 2)R6(1, 1, 1, 2, 2, 4; 4n− 4m+ 2)

= 128σ5(n)− 128σ5(
n

2
) + 128a(n),

(g)

n∑
m=1

R6(1, 1, 2, 2, 4, 4; 4m− 2)R6(1, 1, 2, 2, 4, 4; 4n− 4m+ 2)

= 32σ5(n)− 32σ5(
n

2
) + 32a(n),

(h)

n∑
m=1

R6(1, 2, 2, 4, 4, 4; 4m− 2)R6(1, 2, 2, 4, 4, 4; 4n− 4m+ 2)

= 8σ5(n)− 8σ5(
n

2
) + 8a(n).

11
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Proof. Because the proofs are similar thus we only prove (a). From (1.5) and Proposition 2.3 (a)
we observe that

n∑
m=1

R6(1, 1, 1, 1, 1, 4; 4m− 2)R6(1, 1, 1, 1, 1, 4; 4n− 4m+ 2)

=
n∑

m=1

10G4(4m− 2) · 10G4(4n− 4m+ 2)

= (10 · 4)2
n∑

m=1

G4(2m− 1)G4(2n− 2m+ 1)

and so we apply Lemma 1.1 (c).

Proof of Theorem 1.2. Proofs are similar so that we only prove (a). We note that

2n−1∑
m=1

R6(1, 1, 1, 1, 1, 4; 2m)R6(1, 1, 1, 1, 1, 4; 4n− 2m)

=

n−1∑
m=1

R6(1, 1, 1, 1, 1, 4; 4m)R6(1, 1, 1, 1, 1, 4; 4n− 4m)

+

n∑
m=1

R6(1, 1, 1, 1, 1, 4; 4m− 2)R6(1, 1, 1, 1, 1, 4; 4n− 4m+ 2)

and so we use Theorem 2.2 (a) and Theorem 2.3 (a).

3 Proof of Theorem 1.3 and Other Results

Corollary 3.1. Let n ∈ N. Then we have

(a)

n∑
m=1

G4(4m− 1)G4(4n− 4m+ 1) = 8σ5(n)− 8σ5(
n

2
),

(b)

n∑
m=1

H4(4m− 1)H4(4n− 4m+ 1) = −8σ5(n) + 8σ5(
n

2
).

Proof. Proofs are similar so we only prove (a). Let us replace n with 2n in Lemma 1.1 (c) as

2n∑
m=1

G4(2m− 1)G4(4n− 2m+ 1)

=

n∑
m=1

G4(4m− 1)G4(4n− 4m+ 1) +

n∑
m=1

G4(4m− 3)G4(4n− 4m+ 3)

= 2

n∑
m=1

G4(4m− 1)G4(4n− 4m+ 1)

12
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and so

n∑
m=1

G4(4m− 1)G4(4n− 4m+ 1) =
1

2

2n∑
m=1

G4(2m− 1)G4(4n− 2m+ 1).

Proposition 3.1. (See [5, Theorem 2.6]) For q ∈ C with |q| < 1, we have

(a)

∞∑
n=1

n≡1(mod4)

G4(n)q
n =

1

2
q
(
φ4(q2) + φ4(−q2)

)
φ(q4)ψ(q8),

(b)

∞∑
n=1

n≡3(mod4)

G4(n)q
n =

1

2
q
(
φ4(q2)− φ4(−q2)

)
φ(q4)ψ(q8).

Proof of Theorem 1.3. First by Corollary 3.1 (a) and Proposition 3.1 we have

∞∑
N=1

(
N∑

m=1

G4(4m− 1)G4(4N − 4m+ 1)

)
q4N

=

∞∑
N=1

(
8σ5(N)− 8σ5(

N

2
)

)
q4N

=

(
∞∑

m=1

G4(4m− 1)q4m−1

)(
∞∑

n=0

G4(4n+ 1)q4n+1

)

=

 ∞∑
m=1

m≡3(mod4)

G4(m)qm


 ∞∑

n=1
n≡1(mod4)

G4(n)q
n


=

1

2
q
(
φ4(q2)− φ4(−q2)

)
φ(q4)ψ(q8) · 1

2
q
(
φ4(q2) + φ4(−q2)

)
φ(q4)ψ(q8)

=
1

4
q2
(
φ8(q2)− φ8(−q2)

)
φ2(q4)ψ2(q8)

=
1

4
q2φ8(q2)φ2(q4)ψ2(q8)− 1

4
q2φ8(−q2)φ2(q4)ψ2(q8)

and so

∞∑
N=1

(
8σ5(N)− 8σ5(

N

2
)

)
q4N

=
1

4
q2φ8(q2)φ2(q4)ψ2(q8)− 1

4
q2φ8(−q2)φ2(q4)ψ2(q8).

Reducing q2 to q in the above identity, we deduce that

13
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qφ8(q)φ2(q2)ψ2(q4)− qφ8(−q)φ2(q2)ψ2(q4) =

∞∑
n=1

(
32σ5(n)− 32σ5(

n

2
)
)
q2n

=

∞∑
n=1

(
32σ5(

n

2
)− 32σ5(

n

4
)
)
qn.

(3.1)

Second from Lemma 1.1 (c) and Proposition 3.1 we obtain

∞∑
N=1

(
2N−1∑
m=1

G4(2m− 1)G4(2(2N − 1)− 2m+ 1)

)
q4N−2

=

∞∑
N=1

(
1

2
σ5(2N − 1)− 1

2
σ5(

2N − 1

2
) +

1

2
a(2N − 1)

)
q4N−2

=

∞∑
N=1

(
N−1∑
m=1

G4(4m− 1)G4(4N − 4m− 1)

)
q4N−2

+

∞∑
N=1

(
N∑

m=1

G4(4m− 3)G4(4N − 4m+ 1)

)
q4N−2

=

(
∞∑

m=1

G4(4m− 1)q4m−1

)(
∞∑

n=1

G4(4n− 1)q4n−1

)

+

(
∞∑

m=1

G4(4m− 3)q4m−3

)(
∞∑

n=0

G4(4n+ 1)q4n+1

)

=

 ∞∑
m=1

m≡3(mod4)

G4(m)qm


 ∞∑

n=1
n≡3(mod4)

G4(n)q
n



+

 ∞∑
m=1

m≡1(mod4)

G4(m)qm


 ∞∑

n=1
n≡1(mod4)

G4(n)q
n


=

{
1

2
q
(
φ4(q2)− φ4(−q2)

)
φ(q4)ψ(q8)

}2

+

{
1

2
q
(
φ4(q2) + φ4(−q2)

)
φ(q4)ψ(q8)

}2

=
1

2
q2φ8(q2)φ2(q4)ψ2(q8) +

1

2
q2φ8(−q2)φ2(q4)ψ2(q8)

and so

∞∑
N=1

(
1

2
σ5(2N − 1)− 1

2
σ5(

2N − 1

2
) +

1

2
a(2N − 1)

)
q4N−2

=
1

2
q2φ8(q2)φ2(q4)ψ2(q8) +

1

2
q2φ8(−q2)φ2(q4)ψ2(q8).

Applying σk(
odd

2
) = 0 and lowering q2 into q in the above equation, moreover using (1.1) and (2.4)

we have

14
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qφ8(q)φ2(q2)ψ2(q4) + qφ8(−q)φ2(q2)ψ2(q4)

=
∞∑

n=1

(σ5(2n− 1) + a(2n− 1)) q2n−1

=

∞∑
n=1
2-n

σ5(n)q
n +

∞∑
n=1
2-n

a(n)qn

=

∞∑
n=1

σ5(n)q
n −

∞∑
n=1
2|n

σ5(n)q
n +

∞∑
n=1

a(n)qn −
∞∑

n=1
2|n

a(n)qn

=
∞∑

n=1

σ5(n)q
n −

∞∑
n=1

σ5(2n)q
2n +

∞∑
n=1

a(n)qn

=

∞∑
n=1

σ5(n)q
n −

∞∑
n=1

(
33σ5(n)− 32σ5(

n

2
)
)
q2n +

∞∑
n=1

a(n)qn

=
∞∑

n=1

(
σ5(n)− 33σ5(

n

2
) + 32σ5(

n

4
) + a(n)

)
qn.

(3.2)

Finally adding and subtracting (3.1) and (3.2) we prove (a) and (b).

4 Conclusion

In this paper we consider the number of representations of a positive integer as sum of 6 squares.
After this, we construct some convolution sums with those representations and deduce their formulas
which contain divisor functions and the Legendre-Jacobi-Kronecker symbol and the infinite product
sums.
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APPENDIX

The first twenty values of a(n) are listed in the following table.

Table 1. a(n) for n (1 ≤ n ≤ 20)

n a(n) n a(n) n a(n) n a(n)

1 1 6 0 11 540 16 0

2 0 7 −88 12 0 17 594

3 −12 8 0 13 −418 18 0

4 0 9 −99 14 0 19 836

5 54 10 0 15 −648 20 0
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