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Abstract
For a1, a2, -+ ,a6 € N and n € NU {0}, we define
Re(a1, a2, ,ag;n) = card{(z1, 22, - ,6) € Z°|n = a12} + azah + - + asxs}

and mainly we obtain some convolution sums

n—1
> Re(1,1,1,1,4,4;4m)Re(1,1,1,1,4,4; 4n — 4m),
m=1
> Re(1,1,1,4,4,4;4m — 2)Re(1,1,1,4,4,4;4n — 4m + 2),
m=1
2n—1
> Re(1,1,1,1,1,4;2m)Re(1,1,1,1,1,4;4n — 2m),

m=1

and etc.
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1 Introduction

Let N, Z, and C denote the sets of positive integers, integers, and complex numbers respectively.
For n € N, k € NU {0}, ¢ € C with |g| < 1, we define

op(n) =Y _d* and  A(q):=)» an)g"=q [ -

dln n=1 n=1
Then we can clearly know that

a(n) =0 for even n. (1.1)

We set for ai,az, - ,ar €N, k€N, and n € NU {0}

Ri(ai,az,- -+ ,ar;n) := card{(x1,x2, -+ ,xx) € Zk|n = a12° + asz’ +~~~—|—akmi}. (1.2)

Briefly we write (1.2) as

For example, Jacobi’s classical results [1, §§40-42, p. 159-170] are that
n
4

Moreover Glaisher [2, p. 480], [3] showed a formula for Ry2(n) in 1907. A simple proof of a formula
equivalent to Glaisher’s formula is given in Williams [4] by

n

Ri(n) = 8o1(n) — 3201 ( 1 )-

) and Rg(n):1603(n)—3203(g)+25603(

Ris(n) = 805(n) — 51205(%) + 16a(n). (1.3)
Next we require
> n2 - n(n
e@):= > q and  W(g) =Y ¢"" V2
n=-—oo n—0

where ¢ € C such that |g| < 1. Related to (1.2) we can see that

> Ri(ar,az,--+ ,akin)q" = o(q")p(q*?) - - p(¢™)
n=0
for instance, it is obvious by (1.3)

#(@) =1+ Y Ria(n)q" = 1+ Y (805(n) — 51205(7) + 16a(n) ) ¢". (1.4)

In this article we pay attention to the Legendre-Jacobi-Kronecker symbol for discriminant —4, that
is
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ifn=0 (mod 2),

0,
—4
(7) =41, ifn=1 (mod 4),
-1, ifn=3 (mod4)

for n € N and dealing with (;4> we construct
n

Ga(n) =" <n_—/t) d* and  Hi(n):=) (_514) d?

d|n dln
as Alaca et al. [5, (1.3)]. Using G4(n) and Hs(n) we deduce as follows :

Lemma 1.1. Let n € N. Then

(a)
> Ha(2m — 1)Ga(2n — 2m + 1) = a(n),
m=1
(b)
S 1 65 1
>~ Ha(2m — )Ha(2n — 2m + 1) = Sos(n) - 705(%) + 320—5(% + a(n),
m=1
(c)
. 1 1 n 1
> Ga(2m — 1)Ga(2n —2m + 1) = 505(n) = 505(5) + 5a(n).
m=1
Now it is definite that
G4(2n) = 4G4(n) and Hy(2n) = Ha(n). (1.5)
In addition to G4(n) and Hy(n), we need the function
In):= > (®—4°), n=1 (mod?2). (1.6)
(z,y)ez?
n=x2+4y2
And we note that 22 4+ 4y*> = 0 or 1 (mod 4) for (z,y) € Z* so that
I(n) =0, ifn=3 (mod 4). (1.7)

We obtain Theorem 1.2 as one of applications of (1.2) :
Theorem 1.2. Let n € N. Then we have

(a)

> Re(1,1,1,1,1,4;2m)Re(1,1,1,1, 1, 4; 4n — 2m)

m=1

= 108805 (n) — 108005(3) - 51205(%) — 192G4(n) + 8Ha(n) + 696a(n),
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(b)
2n—1
> Re(1,1,1,1,4,4;2m)Re(1,1,1,1,4,4; 4n — 2m)
m=1
= 32005(n) — 31205(3) - 51205(%) — 64G4(n) + 8Ha(n) + 312a(n),
(c)
2n—1
> Re(1,1,1,4,4,4;2m)Re(1,1,1,4,4,4; 4n — 2m)
m=1
= 8005(n) — 7205(3) - 51205(%) — 32G4(n) + 8Ha(n) + 88a(n),
(d)
2n—1
> Re(1,1,4,4,4,4;2m)Re(1,1,4,4,4,4; 4n — 2m)
m=1
= 1605(n) — 805(3) - 51205(%) — 32G4(n) + 8Ha(n) + 24a(n),
(e)
2n—1
> Re(1,4,4,4,4,4;2m)Re(1,4,4, 4,4, 4; 4n — 2m)
m=1
= 805(n) — 51205(%) — 32G4(n) + 8Hi(n) + 16a(n),
(f)
2n—1
> Re(1,1,1,2,2,4;2m)Re(1,1,1,2,2,4;4n — 2m)
m=1
= 25605(n) — 24805(3) - 512(;5(%) — 128G.4(n) + 8Ha(n) + 120a(n),
(8)
2n—1
> Re(1,1,2,2,4,4;2m)Re(1,1,2,2,4,4; 4n — 2m)
m=1
= 6405(n) — 5605(%) - 51205(% — 64G4(n) + 8Ha(n) + 56a(n),
(h)
2n—1
> Rs(1,2,2,4,4,4;2m)Re(1,2,2,4,4,4; 4n — 2m)
m=1

= 1605(n) — 805(3) - 51205(%) — 32G4(n) + 8Ha(n) + 24a(n).
In Section 3 we show :

Theorem 1.3. Let g € C and n € N. Then we obtain
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(0
0 @ @) = 3 (o) = Jos(h)+ Jal)) "
()
8 2/ 2\ 2/ 4 — (1 65 n n 1 n
00" (a0 at) = 3 (Gosn) = Goa) + 3205() + Jalw)) o

2 Proofs of Lemma 1.1, Theorem 1.2 and Comparable
Convolution Sums

The basic properties of ¢(q) are :

Proposition 2.1. (See Berndt [6, Eq. (1.3.82), Eq. (3.6.7)]) Let ¢ € Q with |q| < 1. Then we
have

(a)

[e’s}

S I = 56 @e(-a) — 5ela)e’(—a) (2.1)
nzln(;%m 4)

Lemma 2.1. Let n € N. Then we have

> I@m—1)I(n-2m+1)

<t
7 n n 1 n
- (¥ +1) os(3) + 55 (80(-1)% +151) o5(

Proof. In advance we have shown that
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(@)™ () + ¢ (99’ ()
+Z{ (3¢-1% -7)os(5 )—&—%(80(—1)%—1—151) os()
22528 n n n
2 () 416 ()" + 1) 03(n) — 28805(2) (2.2)

128{3( DE 1) n-2((-1% +2)}os(])
64 ((_1)% _ 1) 01(%) +224a(g)}q“

with all » € N in Kim [7, (26)] also by (1.4) and Proposition 2.1 (b), we obtain

)
=143 (Bosm) — 51205(2) + 160(m) ()"
(

n=1 (23)
=1+ (8(-1)os(5) = 512(-1) ¥ os(%) + 16(-1) ¥ a(3)) ¢
Therefore by (1.6), (1.7), and (2.1) we can show that
i ( I(2m —1)I(2N — 2m + 1)) N
= (Z 1(2m 1)q2m1> (Z I(2n 1)q2"1>
= ( > I(m)g" ( > In)g"
mElnt;td 2) nEln(r:n:cl)d 2)
= ( > I(m)g" ( > )"
mElmﬁr:n})d 4) nzl?;})d 4)
<1 5 1 5 2
— (3¢ @0 - 34" (-0)
= & ($° @ (-0) + P @0 (~0) — 25 (@)6*(~0))
and so we apply (2.2) and (2.3).
O

Proposition 2.2. (See Kim [7, Theorem 1.2]) Let n € N. Then we have
(a)

1 1
Z Ha(m)Ga(n —m) = 5Ga(n) = Ja(n),
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Proposition 2.2 is essential to deduce some various convolution sums in whole parts.

5 utn

1 1 n 1

)Ga(n —m) = —os5(n) — 3—205(5) — ﬁa(n).

32

there is a relation of divisor functions as

o(pn) — (p" +1) ou(n) + por(7) = 0

for a prime p and k,n € N in Williams [8, Theorem 3.1(ii)].

Proposition 2.3. (See Alaca et al. [5, Theorem 1.1]) Let n € N. Then we have

(a)

R6(17 1, 17 1747 41 TL) =

Rs(1,1,1,4,4,4;n) =

6Ga(n) + 2I(n), ifn=1
Re(1,1,1,1,1,4;n) = { 10G4(n), ifn=23
6Ga(n) —4Ha(n), ifn=0

4G4(n) + 2I(n), ifn=1
4G4(n), ifn=3
6G4(n), fn=2
2G4(n) —4H4(n), ifn=0

3Ga(n) + 2I(n), ifn=1
Ga(n), ifn=3
3G4(n), ifn=2

Ga(n) —4H4s(n), ifn=0

2G4(n) + I(n), fn=1
Ro(1,1,4,4,4,4m) = { yn=2
G4(n), ifn=2
G4(n) — 41‘14(71)7 an =0
Ga(n) + 31(n), fn=1
Re(1,4,4,4,4,4;n) = { 0, ifn=23

Ga(n) —4H4(n), ifn=0

(mod 4),

(mod 4),

(mod 4).

(mod 4),
(mod 4),
(mod 4).

First of all

(2.4)
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4G4(n) + I(n), ifn=1 (mod 4),
Rs(1,1,1,2,2,4;n) = ¢ 4G4(n), ifn=2,3 (mod 4),
4G4(n) —4H4(n), ifn=0 (mod4).

2G4(n) + I(n), ifn=1 (mod 4),
Rs(1,1,2,2,4,4;n) = ¢ 2G4(n), ifn=23 (mod 4),
2G4(n) —4H4(n), ifn=0 (mod 4).

Rs(1,2,2,4,4,4;n) = G4n ifn=2,3 (mod4),

(n) (n), yn=1 (mod 4),
(n) —4H4(n), ifn=0 (mod 4).
(1.

Proof of Lemma 1.1.  (a) By (1.1), (1.5), and Proposition 2.2 (a) let us expand

" Hi(m)Ga (20— m)
= 5 Hi(2m)G4(2n — 2m) + z": Hy(2m — 1)G4(2n — 2m + 1)

1 m=1
=4 Hi(m)Ga(n—m)+ > Hy(2m — 1)G4(2n — 2m + 1)
m=1 m=1

and so

> Ha(2m —1)Ga(2n — 2m + 1)
m=1

2n—1

—ZH4 G42n— 4ZH4 G47’L— )

a(2n)

.MH

=a(n) —
=a(n).

(b) In a similar manner to Lemma 1.1 (a), we can know that

H4 2n — )

Hi(2m)H4(2n — 2m) + i Hy(2m — 1)Hs(2n —2m + 1)

m=1

Ll

Hy(m)Hs(n —m) + z": Hi(2m — 1)Hs(2n —2m + 1)

m=1

I I
3 33 3 HM‘

Il
—
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and so appealing to (1.1), (1.5), and Proposition 2.2 (b) we have

i Hi(2m — 1)Hs(2n —2m + 1)

:nZ_H( YHi(2n —m ZH4 YHa(n —m)
1:1 65 n 1 1 1

= 505(71) — 305(2) + 3205(4) + 2H4(2n) H4(n) — 5@(271) + ia(n)
1 65 n n 1

= 505(71) — 305(5) + 3205(2) + ia(n).

(¢) Now from (1.1), (1.5), Proposition 2.2 (c), and (2.4) we can deduce that

z": Ga(2m —1)G4(2n —2m + 1)

m=1
2n—1 n—1
= ZG’4 )Ga( 2n—m)—16ZG4 m)Ga(n —m)
m=1
1 17 1 n. 1 1
= 505(271) — 3—205(11) + 50’5(5) ﬁa(Qn) + ia(n)
1 n 17 1 1
= 55 {3303(n) = 3205(5) } = 205() + 505(5) + 5an)
1 1 n. 1
= 50’5(71) - 505(5) + §a(n)-
O
Theorem 2.2. Let n € N. Then we have
(a)
n—1
> Re(1,1,1,1,1,4;4m)Re(1,1,1,1,1,4;4n — 4m)
m=1
= 28805 (n) — 28005(3) - 51205(%) —192G4(n) + 8Ha(n) — 104a(n),
(b)
n—1
> Re(1,1,1,1,4,4;4m)Re(1,1,1,1,4,4; 4n — 4m)
m=1
= 3205(n) — 2405(3) - 51205(%) — 64G4(n) + 8Ha(n) + 24a(n),
(c)
n—1
> Re(1,1,1,4,4,4;4m)Re(1,1,1,4,4, 4; 4n — 4m)
m=1

= 805(n) — 51205(%) — 32G4(n) + 8Hi(n) + 16a(n),
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n—1
> Re(1,1,4,4,4,4;4m)Re(1,1,4,4,4, 4; 4n — 4m)

m=1

= 805(n) — 51205( ) — 32G4(n) + 8Hi(n) + 16a(n),

4

> Re(1,4,4,4,4,4;4m) Re(1,4,4,4,4,4; 4n — 4m)

m=1

= 805(n) — 51205(% — 32G4(n) + 8Ha(n) + 16a(n),

n—1
> Re(1,1,1,2,2,4;4m) Re(1,1,1,2,2,4;4n — 4m)

m=1

= 12805 (n) — 12005(g) - 51205(%) — 128G4(n) + 8Ha(n) — 8a(n),

n—1
> Re(1,1,2,2,4,4;4m)Re(1,1,2,2,4,4;4n — 4m)

m=1

= 3205(n) — 2405(2) - 51205(%) — 64G4(n) + 8Ha(n) + 24a(n),

n—1
> Re(1,2,2,4,4,4;4m)Re(1,2,2,4,4, 4; 4n — 4m)

m=1

= 805(n) — 51205(2) — 32G4(n) + 8Hi(n) + 16a(n).

4

Proof. Since the proofs are similar therefore we only prove (a). From (1.5) and Proposition 2.3 (a)
we note that

n—1
> Re(1,1,1,1,1,4;4m) Re(1,1,1,1,1,4; 4n — 4m)

m=1

_ §{6G4(4m) — 4Hy(4m) }{6Ga(4(n — m)) — 4Hs(4(n — m)) }
:§{6.16G4( — 4H,(m) } {6 16G4(n —m) — 4Ha(n —m) }

(6 - 16) ZG4 )Ga(n—m) —6-16 - 4ZG4 YHy(n —m)

—46162H4 VGa(n—m) +4- 4ZH4 YHi(n —m)

m=1

and so we appeal to Proposition 2.2.

10
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Theorem 2.3. Let n € N. Then we have

(a)

n

n
> Re(1,1,1,1,1,4;4m — 2)Re(1,1,1,1,1,4;4n — 4m + 2)

m=1

= 80005 (n) — 80005(%) + 800a(n),

> Re(1,1,1,1,4,4;4m — 2)Re(1,1,1,1,4,4;4n — 4m + 2)

m=1

= 28805 (n) — 28805(%) + 288a(n),

> Re(1,1,1,4,4,4;4m — 2)Re(1,1,1,4,4,4; 4n — 4m + 2)

m=1

= 7205(n) — 7205(2) + 72a(n),

n
> Re(1,1,4,4,4,4;4m — 2)Re(1,1,4,4,4,4;4n — 4m + 2)

m=1

= 805(n) — 805(%) + 8a(n),

> Re(1,4,4,4,4,4;4m — 2)Re(1,4,4,4,4,4;4n — 4m + 2) = 0,

m=1

> Re(1,1,1,2,2,4;4m — 2)Re(1,1,1,2,2,4;4n — 4m + 2)

m=1

= 12805(n) — 12805(3) + 128a(n),

n
> Re(1,1,2,2,4,4;4m — 2)Re(1,1,2,2,4,4;4n — 4m + 2)

m=1

= 3205 (n) — 3205(2) + 32a(n),

n

> Re(1,2,2,4,4,4;4m — 2)Re(1,2,2,4,4,4;4n — 4m + 2)

11
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Proof. Because the proofs are similar thus we only prove (a). From (1.5) and Proposition 2.3 (a)
we observe that

Re(1,1,1,1,1,4;4m — 2)Rs(1,1,1,1,1,4; 4n — 4m + 2)

m=1

=) 10G4(4m — 2) - 10G4(4n — 4m + 2)

m=1

=(10-4) i Ga(2m — 1)Ga(2n — 2m + 1)

m=1

and so we apply Lemma 1.1 (c).

Proof of Theorem 1.2. Proofs are similar so that we only prove (a). We note that

n—1
> Re(1,1,1,1,1,4;2m)Re(1,1,1,1,1,4; 4n — 2m)

2
m

-

1

Re(1,1,1,1,1,4;4m)Re(1,1,1,1,1,4; 4n — 4m)

I
3
|

3

n
+ > Re(1,1,1,1,1,4;4m — 2)Re(1,1,1,1,1,4;4n — 4m + 2)

m=1

and so we use Theorem 2.2 (a) and Theorem 2.3 (a).

3 Proof of Theorem 1.3 and Other Results
Corollary 3.1. Letn € N. Then we have
(a)
3" Ga(dm —1)Ga(dn — 4m + 1) = 8o5(n) — 805(%),

m=1

n

mZ::l Hy(4m — 1)Hy(4n — 4m + 1) = —805(n) + 805(5).

Proof. Proofs are similar so we only prove (a). Let us replace n with 2n in Lemma 1.1 (c) as

2n
> Ga(2m — 1)Ga(4n — 2m + 1)

m=1

=Y Ga(dm — 1)Ga(dn —4m + 1) + Y Ga(4m — 3)Ga(4n — 4m + 3)

m=1 m=1

=2 Ga(4m — 1)Ga(4n — 4m + 1)

m=1

12
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and so

n 2n
> Ga(dm — 1)Ga(dn — 4m + 1) =

m=1 m=1

G4(2m — 1)G4(4n — 2m + 1).

Proposition 3.1. (See [5, Theorem 2.6]) For q € C with |q| < 1, we have

(a)

S G = 34 (#1(6) — ' (—4%) ela (")

n=1
n=3(mod4)

Proof of Theorem 1.3. First by Corollary 3.1 (a) and Proposition 3.1 we have

i (i Ga(4m — 1)G4(4N — 4m + 1)) g

G N 4N
= Z 805(N) —805(5)> q

= > Ga(m)g™ > Gan)g"
ngzihdél) nElnr:n}:)dél)
= %q (¢*(d®) — ¢* (=) w(a")¥(q®) - %q (¢* (&) + ' (=) w(a")¥(q®)

and so

- N 4N
szl (805(N) — 805(5)) q
= (P @OF ) - 3 ) ).

Reducing ¢* to g in the above identity, we deduce that

13
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NgE

1°(@)¢* (@) (") — 4" (—0)* ()02 (a") = Y (3205 (n) = 3205(5) ) ¢

Il
|3

n

(3.1)

gk

(3205(2) - 3205(%)) T

1
-

n

Second from Lemma 1.1 (c¢) and Proposition 3.1 we obtain

i ( i G4(2m —1)G4(2(2N — 1) —2m + 1)) g2

N=1 m=1
B 1 1 oN—-1_ 1 AN 2
- (205(2N 1) = os(F5—) + 02N 1)) q

N=1 \m=1
¢S] N
+y (Z Ga(4m — 3)G4(4N — 4m + 1)) g e
N=1 \m=1
= (Z G4(4dm — 1)q4m1> <Z Gi(4n — 1)q4"1>
m=1 n=1
+ (Z Ga(4m 3)q4m—3> (Z Gi(dn +1) 4"“)
m=1 n=0
= > Ga(m)g™ > Gi(n)g"
mE’,Sn(;Ldél) nEC’Zt;%xM)

+| D Galm)y™ Y. Ga(n)g"

mET(ilocM) nEl’nir:n%)dll)
{506 @) - N e b+ {50 ) el |
= LB @) + %qz’s@s(*qz)wz(q“)ﬁ(qs)

and so

. dd . . . . .
Applying O'k(OT) = 0 and lowering ¢* into ¢ in the above equation, moreover using (1.1) and (2.4)

we have

14
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0> (@) (") + a¢® (—a)” (¢*)v*(q")

(o5(2n — 1) +a(2n — 1)) q2n—1

)
hS)
3
—~
S

M

3
Il
_

ﬁPHﬂg

os5(n)g" + ) a(n)q"

2{n Té?n
=Y os(n)g" = > os(n)g" + > _an)g" - > a(n)g" (3.2)
n=1 g\:nl n=1 75‘:711 .

os(2n)g”" + > a(n)q"

I
gk
a
=
QS

|
gk

3
Il
=
3
Il
=
3
Il
=

(3305 (n) — 3205(%)) ¢+ i a(n)q"

n=1

I
Nk
a
=
QS
NgE

3
Il
-
3
Il
-

M

(05(71) - 3305(3) n 3205(%) n a(n)) T

3
1
=

Finally adding and subtracting (3.1) and (3.2) we prove (a) and (b).

4

Conclusion

In this paper we consider the number of representations of a positive integer as sum of 6 squares.
After this, we construct some convolution sums with those representations and deduce their formulas
which contain divisor functions and the Legendre-Jacobi-Kronecker symbol and the infinite product
sums.

Competing Interests

Author has declared that no competing interests exist.

References

Jacobi CGJ. Fundamenta nova theoriae functionum ellipticarum. Borntrager, Regiomonti,.
Gesammelte Werke, Erster Band, Chelsea Publishing Co. New York. 1969;49-239.

Glaisher JWL. On the numbers of representations of a number as a sum of 2r squares, where
2r does not exceed eighteen. Proc. London Math. Soc. 1907;5:479-490.

Glaisher JWL. On the representations of a number as the sum of two, four, six, eight, ten and
twelve squares. Quart. J. Pure and Appl. Math. 1907;38:1-62.

Williams KS. On Liouville’s twelve squares theorem. Far East J. Math. Sci. 2008;29:239-242.

Alaca A, Alaca S, Williams KS. Sextenary quadratic forms and an identity of Klein and Fricke.
International Journal of Number Theory. 2010;6(1):169-183.

Berndt BC. Number Theory in the Spirit of Ramanujan. American Mathematical Society
(AMS), Providence; 2006.

15



Kim; ARJOM, 10(4): 1-17, 2018; Article no. ARJOM.43408

[7] Kim A. Evaluation of certain convolution sums involving the Legendre-Jacobi-Kronecker
symbol for discriminant —4. Asian Journal of Mathematics and Computer Research.
2015;5(1):38-59.

[8] Williams KS. Number Theory in the Spirit of Liouville. London Mathematical Society, Student
Texts 76, Cambridge; 2011.

16



Kim; ARJOM, 10(4): 1-17, 2018; Article no. ARJOM.43408

APPENDIX

The first twenty values of a(n) are listed in the following table.

Table 1. a(n) for n (1 < n < 20)

nlamn) || n|an) || n | an) n | a(n)
1 1 6 0 11 540 16 0
2 0 7 | =88 | 12 0 17 | 594
3| —12 8 0 13 | —418 || 18 0
4 0 9 | —99 || 14 0 19 | 836
5 54 10 0 15 | —648 || 20 0
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