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Abstract

In this paper, we prove some coincidence point and common fixed point results for various multiplicative
expansive type mappings in the context of multiplicative metric spaces. We give some examples to
demonstrate the validity of the results. Our results improve and supplement some recent results in the
literature.
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1 Introduction and Preliminaries

One of the simplest and most useful results in fixed point theory is the Banach-Caccioppoli Contraction
mapping principle, a powerful tool in analysis for establishing existence and uniqueness of solution of
problems in different fields. Over the years, this principle has been generalized in numerous directions in
different spaces. These generalizations have been obtained either by extending the domain of the mapping or
by considering a more general contractive condition on the mappings. In 1984, Wang et al. [1] introduced
the concept of expansive mapping and established some fixed point theorems in complete metric spaces. In
1992, Daffer and Kaneko [2] proved some common fixed point theorems for two expansive mappings in
complete metric spaces. For more results related to expansive mapping, see [3-4].

Bashirov et al. [5] studied the concept of multiplicative calculus and proved the fundamental theorem of
multiplicative calculus. Florack and Assen [6] displayed the use of the concept of multiplicative calculus in
biomedical image analysis. Bashirov et al. [7] exploit the efficiency of multiplicative calculus over the
Newtonian calculus. They demonstrated that the multiplicative differential equations are more suitable than
the ordinary differential equations in investigating some problems in various fields. Furthermore, Bashirov
et al. [5] illustrated the usefulness of multiplicative calculus with some interesting applications. With the
help of multiplicative absolute value function, they defined the multiplicative distance between two
nonnegative real numbers as well as between two positive square matrices. This provides the basis for
multiplicative metric spaces.

Definition 1.1 (see [8]) The multiplicative absolute value function |x| : R* - R*(where letter R* denote
the set of all nonnegative real numbers) is defined as

x, x=1;
X| = 1
Ixl - x<1
X

Definition 1.2 (see [5]) Let X be a nonempty set. A function d: X X X - R* is said to be a multiplicative
metric on X if for any x,y, z € X, the following conditions hold:

(ml). d(x,y)=1;

(m2). d(x,y) =1ifandonlyifx = y;
(m3). d(x,y) =d(y,x);

(m4). d(x,y) <d(x,z).d(zv).

The pair (X, d) is called a multiplicative metric space.
Example 1.3 (see [8]) Let X = R} be the collection of all n-tuples of positive real numbers. Then d(x,y) =

X1
Y1

X2
V2

X3
V3

Xn

y defines a multiplicative metric on X.
n

Example 1.4 Let d: [0, +0) X [0, +00) = [1,+) be defined as d(x,y) = eI, wherex,y € [0, +x).
Then d is a multiplicative metric and ([0, +0), d) is a multiplicative metric space.

Remark 1.5 We note that the Example 1.3 is valid for positive real numbers and Example 1.4 is valid for all
real numbers.

Example 1.6 (see [8]) Let (X, d) be a metric space. Define a mapping d, on X by

1, x=y
a, X+

daCxy) = |
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where x,y € X and a > 1. Then d, is a multiplicative metric and (X,d,) is known as the discrete
multiplicative metric space.

Example 1.7 (see [9]) Let X = C*[a, b] be the collection of all real valued multiplicative continuous
functions over [a,b] € R*. Then (X,d) is a multiplicative metric space with d defined by d(f,g) =

SUDe[a,b] |%| for arbitrary f, g € X.

Definition 1.8 (see [8]) Let (X, d) be a multiplicative metric space.
(1). A sequence {x,}in X is said to be multiplicative Cauchy sequence if for any € > 1, there exists
N € N such that d(x,, x,,) < € forallm,n > N.
(2). A multiplicative metric space (X, d) is said to be complete if every Cauchy sequence {x,} in X is
multiplicative convergent to a point x € X.
A sequence {x,} in X is multiplicative Cauchy if and only if d (x,, x,,) > 1 as n,m — oo.
M. Sarwar and Badshah-e-Rome [10] discussed some unique fixed point theorems in multiplicative metric
spaces. The established results carry some well known results from the literature to multiplicative metric
spaces.
Definition 1.9 (see [11]) Let f be a mapping of a multiplicative metric space (X, d) into itself. Then f is
said to be a multiplicative expansive mapping if there exists a constant a > 1 such that d(fx, fy) =
d%(x,y) forall x,y € X.

For more details of multiplicative metric space and related results, see [12-15].

Recently, Abodayeh et al. [16] and Agarwal et al. [17] studied the relationship between the multiplicative
metric space and the standard metric space.

Definition 1.10 (see [18]) Let f, g: X — X be maps. A point x € X is called
(a) Fixed point of f if fx = x;
(b) Coincidence point of the pair (f, g) if fx = gx;
(¢) Common fixed point of the pair (f,g) ifx = fx = gx.

The sets of all fixed points of f, coincidence points of the pair (f, g), and all common fixed points of the
pair (f, g) are denoted by F(f),C(f,g ), and F(f, g), respectively.

2 Main Results

In this section, we will prove the existence of coincidence points and common fixed points of generalized
multiplicative expansive mappings in the framework of multiplicative metric spaces.

We begin with a simple but a useful lemma.
Lemma 2.1 Let {x,,} be a sequence in a multiplicative metric space X such that
d (%, Xn41) < d* (o1, Xn) 2.1

where A € [0,1) and n = 1,2,.... Then {x,,} is a Cauchy sequence in X .
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Proof By induction, we have
(X, Xpeq) < dan(xo'xﬂ
Let m > n > 1. From (m4), we have

d(xn! xm) < d(xn! xn+1)- d(xn+1! xn+2) e d(xm—l; xm) (2-2)
< dM (xg, x1). dM" (g, %1). e AT (20, 1)
— dln+ln+2+ln+3+_“.+1m—1 (xo xl)
()
< d\=Y (xg,%,)
Assume that d(x,,x;) > 1. Since A < 1, by taking limit as m,n — 4o in above inequality we obtain
Ui Moo d(xp, X)) = 1. Also, if d(xg,x;) =1, then d(x,,x,,) =1 for all m >n. Hence {x,} is a
multiplicative Cauchy sequence in X.

Now, we establish the following result of existence of common fixed points.

Theorem 2.2 Let (X, d) be a multiplicative metric space. Let f, g: X — X be surjective mappings satisfying

d%*(x,).dP (x.fx).d°(v.9y)
>
d(fx,9) 2 =0t 2:3)

for all x,y € X,x # y, where a,b,c,k =20 withb<1+k,c<1+4+k,a>1+2k. Then f and g have a
unique common fixed point in X.

Proof Let x, € X be an initial element and set X5, = fXon41, Xone1 = Xoneo, n=20,1,2,... . Put

A= Z:’:Z Since a + b + ¢ > 1 + 2k, from (2.3), we have

A(f Xons1, GX2me2)- dk(x2n+1,gx2n+2). dk(x2n+2,fx2n+1)
= d*(Xon41) Xon+2)- db(x2n+1!fx2n+1)- A (Xan42, 9Xom+2)
which implies
d(X2n) Xon41)- dk(x2n+2' Xon) = A (X2n41) Xans2)- b (X2n+1) X2n)

Since d(X3p42, X27) < d(Xapt2, X2n+1). d(Xant1, X20), the last inequality gives us

1+k—-b

d(X2n41 Xone2) < d(‘”c"‘) (%2 X2n+1)
= dl(xan x2n+1)
Similarly, we obtain
Ad(Xo2n42) Xone3) < dl(x2n+1,x2n+2)
In general, we have

d(xn+1! xn+2) < da(xn! xn+1) (2~4)
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and by Lemma 2.1, we deduce that {x,,} is a multiplicative Cauchy sequence in X. Since (X, d ) is complete,
there exists x* € X such that x,, - x*as n — . Therefore x,,4, = x* and X,,,, = x*as n - . Since f
and g are surjective mappings, there exist u, v € X such that

fu=x"and gv = x™. 2.5
Applying (2.3) with x = x,,,4 and y = v, we have

d(fxXons1, gv)- d*(X2ns1, g). AW, f X0 41)

= d®(Xzn+1, V). d° (Xzni1s fXone1)-d°(v, gv)
which implies that

d(Xpm, x*). d¥(Xppiq, ). d¥ (0, x57) (2.6)

> d*(Xzn41, V). d° (Kaner, Xon)- d° (v, X*)

Sincel+2k<a+b+c<a+1+k+c, therefore k < a+ c, on making limit as n = o in the above
inequality and simplification leads to d**¢~* (v, x*) < 1, which entails d(v, x*) = 1; that is, v = x*.

Again applying (2.3) with x = u and y = x,,,,, we have
d(fu, gxan+2)- AW, gXan+2)- A (Xansz, f1)
> d(u, Xon+2)- d° (W, fu). d° (Xans2, GX2n+2)
this implies that
d(x*, Xame 1) d* (W, Xape1). d* Oppig, X°) 27
> d(u, Xan42)- dP (U, fu). d° (Xapi2 Xonst)
Again since 1 + 2k <a+b+c<a+b+1+k, thusk <a+ b. On making limit asn — oo in (2.7), we
obtain that d**?~*(u,x*) < 1, which entails d(u,x*) = 1. Hence u = x*. The fact (2.5) along with

u = x* = v shows that x* € F(f, g).

We are left to prove the uniqueness of the common fixed point x*; that is, F(f, g) = {x*}. Letx € F(f, 9)
with x* # x". By (2.3), we have

d(fx*, gx).d*(x*, gx).d*(x, fx*) = d*(x*, x).d (x*, fx*).d(x, gx")
which on simplification leads to
d1+2k(x*, x’) > da(x*'x’)

Since 1+ 2k <a, we getd* 1*2¥(x*,x) <1, which deduces d(x*,x) =1. This contradicts (m2).
Therefore x* = x"and so F(f, g) = {x*}. The proof is completed.

If in the above theorem 2.2 we take b = ¢ = k = 0 and f = g, then we have the following corollary.

Corollary 2.3 (see [11], Theorem 2.1) Let (X,d) be a multiplicative metric space. Let f: X — X be a
surjective mapping satisfying
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d(fx,fy) = d*(x,y) (2:8)
forall x,y € X,x # y, where a > 1. Then f has a unique fixed point in X.
If in the Theorem 2.2 we take k = 0 and f = g, then we have the following corollary.

Corollary 2.4 (see [10], Theorem 2.8) Let (X,d) be a multiplicative metric space. Let f: X — X be a
surjective mapping satisfying

d(fx, fy) = d%(x,y).d(x, fx).d(v, fy) (2.9
forall x,y € X,x # y,where a+b+c>1,a>1and b < 1. Then f has a unique fixed point in X.
If in the above corollary we take b = c, then we have the following corollary.

Corollary 2.5 (see [10], Corollary 2.8) Let (X,d) be a multiplicative metric space. Let f:X — X be a
surjective mapping satisfying

d(fx, fy) = d*(x,y).d"(x, fx).d"(y, fy) (2.10)

forall x,y € X,x # y, where a+ 2b > 1,a > 1and b < 1. Then f has a unique fixed point in X.

If we take b = ¢ = k = 0 in Theorem 2.2, then we have the following corollary.

Corollary 2.6 Let (X, d) be a multiplicative metric space. Let f, g: X — X be surjective mappings satisfying
d(fx,gy) = d*(x,y) (2.11)

forall x,y € X,x # y, where a > 1. Then f and g have a unique common fixed point in X.

If we take k = 0 in Theorem 2.2, then we have the following corollary.

Corollary 2.7 Let (X, d) be a multiplicative metric space. Let f, g: X — X be surjective mappings satisfying
d(fx,gy) = d*(x,y).d"(x, fx).d°(y, gy) (2.12)

for all x,y € X,x #y, where a,b,c 20 witha+b+c>1,b<1,a>1. Then f and g have a unique
common fixed point in X.

If we take b = c in the Corollary 2.7 , then we have the following corollary.
Corollary 2.8 Let (X, d) be a multiplicative metric space. Let f, g: X = X be surjective mappings satisfying
d(fx, gy) = d*(x,y).d"(x, fx).d" (v, gy) (2.13)

for all x,y € X,x # y, where a+ 2b >1,a>1and b < 1. Then f and g have a unique common fixed
point in X.

Next, we prove the following result.

Theorem 2.9 Let f,g: X = X be two surjective mappings of a complete multiplicative metric space X.
Suppose that f and g satisfying the following inequalities
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a%(gxx)

d(fgx, 9%) 2 e (2.14)
dP(fxx)

d(gfx, fx) Zm (2.15)

for all x € X and some nonnegative real numbers a,b and k witha > 1+ 2k and b > 1+ 2k. If f or g is
continuous. Then f and g have a common fixed point.

Proof Let x, be an arbitrary point in X and set X,,, = fXon41, Xon41 = 9X2n42, 1 =0,1,2,.... From (2.14),
we have

A(fgXons2 9Xon+2)- dk(f9x2n+z'x2n+z) = d*(gXan+2) X2n+2)

which implies
d(Xam Xona1) A* (X, Xonaz) = A% (Xpni1) Xonsa)

Since d(X2p, Xons2) < d(Xon, Xons1)- A(Xons1, Xone2), the last inequality gives us

1+k

d(Xons1, Xone2) < d(“‘k) (X2n X2n42) (2.16)

On other hand, from (2.15) we have

A(gfxons1s [Xons1)- dk(gfx2n+1,x2n+1) = db(fx2n+1,x2n+1)

That is,

d(Xzn—-1, X20)- dk(xZn—lr Xons+1) = d® (X2 X2n41)

Since d(Xyn-1,Xon41) < d(Xgn_1, X2p)- A(X2p, X2141), then from above inequality, we get

1+k

d(Xzn, Xon41) < d(ﬂ) (X2n—1,X2n) (2.17)
By combining (2.16) and (2.17), we obtain

d(xn! xn+1) < dﬂ(xn—l! xn)

1+k 1+k
a—k’b-k
sequence in X. Since X is complete, there exists x* € X such that x,, = x*as n — c. Therefore x,,,, = x*
and X,,,, = x*as n — oo. Without loss of generality, we may assume that f is continuous, then fx,,,; —
fx*asn - . But fx,,41 = X, = X" as n - o0. Thus, we have fx* = x*. Since g is surjective, there
exists u € X such that gu = x*. Now, applying (2.14), we have

for all n, where 4 = nux { } By Lemma 2.1, we deduce that {x,} is a multiplicative Cauchy

d*(gu,u)
d(fgu, gu) = Fguu)

implies that
d*(x*,u) = d*(x*,u).

The last inequality gives us



Singh et al.; BIMCS, 19(3): 1-14, 2016; Article no.BJMCS.28927

d**(x*u) <1 (2.18)

Since a —k > 1+ k, we infer from (2.18) that d(x*,u) =1 and consequently, x* = u. Hence x* €

F(9)-

By taking b = a in above Theorem 2.9, we have the following result.

Corollary 2.10 Let f, g: X = X be two surjective mappings of a complete multiplicative metric space X.
Suppose that f and g satisfying the following inequalities

d*(gx,x)

d(fgx.9%) = G o (2.19)
d*(fx,x)

d(ofx,f2) = g (2:20)

for all x € X and some nonnegative real numbers a and k with a > 1 + 2k. If f or g is continuous. Then f
and g have a common fixed point.

If we take f = g in Corollary 2.10 we get the following corollary.

Corollary 2.11 Let f: X — X be a surjective mapping of a complete multiplicative metric space (X,d ).
Suppose that f satisfies the following inequality:

d%(fx,x)
ak(r2xx)

d(f?x, fx) =

2.21)

for all x € X and some nonnegative real numbers a and k with a > 1 + 2k. If f is continuous. Then f has a
fixed point.

If in the above Corollary 2.11, we take k = 0, then we have the following corollary.

Corollary 2.12 (see [10], Theorem 2.9) Let f: X — X be a surjective mapping of a complete multiplicative
metric space X. Suppose that f satisfies the following inequality:

d(f?x, fx) = d*(fx,x) (2.22)
for all x € X, where a > 1. If f is continuous. Then f has a fixed point.
Next, we give a result of existence of coincidence point.
Theorem 2.13 Let (X, d) be a multiplicative metric space. Let f, g: X = X be mappings satisfying
d(fx, fy) = d*(gx, gy).d"(gx, fx).d°(gy, f¥) (2.23)
for all x,y € X, where a,b,c = 0 with a + b + ¢ > 1. Suppose the following hypotheses:
1) b<lorc<1;
2) gX<cfX;
3) fX isacomplete subspace of X.

Then f and g have a coincidence point.

Proof Let x, € X. Since gX € fX, we choose x; € X such that fx; = gx, . Again we can choose x, € X
such that fx, = gx;. Continuing in the same way, we construct a sequence {x,,} in X such that fx,,, =
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gxn,Vn € N. If gx,,_, = gx,, for m €N, then fx,, = gx,,. Thus x,,, is a coincidence point of f and g.

Now, assume that gx,,_; # gx, for all n. Set A = nax {Z;Jj,;%;}. We have the following two cases:

Case 1. Suppose b < 1. Applying (2.23), we have
d(gxn-1, 9xn) = d(f X, fXp41)
> d®(gxn, Gxn+1)- A (Gxn, fXn). d°(G2ns1, fXn41)
= d*(gxn, §xn+1)- A" (gxn, GXn-1)- d°(gXn11, 9%n)
The last inequality gives us
d(g%n gXns1) < A& (92,1, g,) 224)
Case 2. Suppose ¢ < 1. From (2.23) again, we have
d(gxn, gxn-1) = d(fXn11, fXn)
> d*(gxn+1, 9%n)- A°(GXn 41, fons1). d°(g2n, f2n)
= d*(gxns1, 9%n)- A" (gXns1, 9Xn)- d°(gXn, G2Xn—1)
This implies that
(G Gns1) < d@D) (g, g,) (2.25)
Combining (2.24) and (2.25), we get
d(gxn, gXns1) < d*(gXn_1, 9Xn) (2.26)
By induction on n, we obtain
d(gxn, 9xns1) < 4 (g%0, 9%:) (2:27)
Thus for m > n,n,m € N and since 1 < 1, we have
d(gxn, gxm) < d(gxn, gxn+1)- d(GXn11, GXns2) .- A(GXm—1, GXm) (2.28)
< d™(gx0,g%1)-d™"" (gx0, gx1). ... M (gx0, 971)

= AT AR e 2T

1(9950'.9951)

Z_TL

< ) (gx, )

Assume that d(gxg,gx;) > 1. By taking limit as m,n - +oo in inequality (2.28), we have
i Mmoo d(gxn, gx,) = 1. Also, if (gxg, gx1) =1, then d(gx,, gx,,) =1 for all m >n. Therefore
{fx,} = {gx,} is a multiplicative Cauchy sequence in fX. Since fX is a complete subspace of X, there is
x* € X such that {fx,} converges fx*asn — co. Hence {gx,} converges to fx* asn — . Sincea + b +
¢ > 1, we have a, b and c are not all 0. So we have the following cases.
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Case 1 If a # 0, then from (2.23), we have
d(fx,, fx*) = d*(gx,, gx*).d? (gx,, fx,). d°(gx*, fx*)
= d%(gxn, gx™)

On letting limit as n — oo in above inequality, we have

1
i gL d(gx,, gx™) <limeda(fx, fx) =1

Thus 1im,, d(gx, gx*) =1 and consequently gx, - gx*as n - . By uniqueness of limit, we
have fx* = gx*. Therefore f and g have a coincidence point.

Case 2 If b # 0, from (2.23), we have
d(fx*, fxn) = d*(gxn, gx*).d"(gx", fx*). d°(gxn, fXn)
> db(gx*, fx*)

On letting limit as n — oo in above inequality, we have

d(fx*, gx*) < 1i R db(Fx*, fr,) = 1
Hence d(fx*,gx*) = 1 and consequently, fx* = gx*.
Case 3 If ¢ # 0, again from (2.23), we have
d(fxn, fx*) = d*(gxn, gx).d"(gxy, fXn). d°(gx*, fx*)
>d(gx*, fx*)

On letting limit as n — oo in above inequality, we have

d(fx*,gx") <1i B de(fry, fx) = 1
Hence d(fx*, gx*) = 1 and consequently, fx* = gx*. Therefore f and g have a coincidence point.
Setting ¢ = 0 in Theorem 2.13, we can obtain the following result.
Corollary 2.14 Let (X, d) be a multiplicative metric space. Let f, g: X — X be mappings satisfying
d(fx, fy) = d*(gx, gy).d(gx, fx) (2.29)
for all x,y € X, where a,b = 0 with a + b > 1. Suppose the following hypotheses:
1) b<1;
2) gX < fX;
3) fX isacomplete subspace of X.

Then f and g have a coincidence point.

Setting b = ¢ = 0 in Theorem 2.13, we can obtain the following corollary.

10
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Corollary 2.15 Let (X, d) be a multiplicative metric space. Let f, g: X — X be mappings satisfying
ad(fx, fy) = d*(gx, gy) (2.30)
for all x,y € X, where a > 1. Suppose the following hypotheses:

1) gXcfX;
2) fX is a complete subspace of X.

Then f and g have a coincidence point.

Setting g = I (Identity map) in Theorem 2.13, we have the following corollary.

Corollary 2.16 Let (X, d) be a complete multiplicative metric space. Let f: X — X be mapping satisfying
d(fx, fy) = d*(x,y).d"(x, fx).d°(y, fy) (231

for all x,y € X, where a,b,c = 0 witha + b + ¢ > 1. Suppose b < 1 or ¢ < 1. Then f has a fixed point.

Setting b = ¢ = 0 in Corollary 2.16, we can obtain the following corollary.

Corollary 2.17 Let (X, d) be a complete multiplicative metric space. Let f: X — X be mapping satisfying
d(fx,fy) 2 d*(x,y) (2.32)

for all x,y € X, where a > 1. Then f has a fixed point.

Setting ¢ = 0 in Corollary 2.16, we can obtain the following corollary.

Corollary 2.18 Let (X, d) be a complete multiplicative metric space. Let f: X — X be mapping satisfying
d(fx, fy) = d*(x,y).d"(x, fx) (2.33)

forall x,y € X, where a,b = 0 with a + b > 1. Suppose b < 1. Then f has a fixed point.

3 Examples

In this section, we give some examples in support of results.

Example 3.1 Let X = R, and define a mapping d: X X X - Rby d(x,y) = |§| for all x,y € X. Then (X, d)

is a complete multiplicative metric space. Define f: X — X by fx = x? for all x € X. Then f is a surjection
and continuous on X. Note that

1
x*|a

X

d(f2x, fx).di(f2x,x) =

x4
x2

E
= |x|4

5
x?|2

X

>

= dg(fx, x)

11
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where k =% and a = ; Clearly ; =a>1+2k= ; Therefore, Corollary 2.12 is applicable to f and
x* =0 € X is a fixed point of f.

Example 3.2 Let X = [0,00) be the usual metric space and define a mapping d: X X X = R by
d(x,y) = e™ ¥ forallx,y € X. Then (X,d) is a complete multiplicative metric space. Define f: X — X
by fx = 2x for all x € X. Then f is a surjection on X. Note that

d(f2x, fx).d(f2x,x) = el4x=2x| gl4x=x|
= el2xl ol3x|

(e41)” = (e

=d>(fx,x)

\%

where k = 1 and a = 5. Clearly 5 = a > 1 + 2k = 3. Then (2.22) is satisfied. Therefore, Corollary 2.12 is
applicable to f and x* = 0 € F(f). Also Theorem 2.1 of [10] is applicable f.

Finally, we present an example to support the validity of Corollary 2.15.

Example 3.3 Let X =[0,00) be the usual metric space and define a mapping d: X X X - R by
d(x,y) = e for allx,y € X. Define f,g: X - X by fx = and gx = —for all x € X. Then f and g
are surjection on X. Then gX € fX and fX is complete. Note that

d(fx,fy) = el

x_ Y

= ela a

X Y
e4 16 16

> e3lgx-gyl

d*(gx, gy)

for all x,y € X, where a = 3 > 1. Thus, Corollary 2.15 is applicable to f and g. Here 0 € C(f, g).

4 Conclusion

In this article, we established some coincidence point and common fixed point theorems for various
multiplicative expansive-type mappings in the context of multiplicative metric spaces. The presented
theorems extend, generalize and improve many existing results in the literature. Our results may be the
motivation to other authors for extending and improving these results to be suitable tools for their
applications.
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