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1 Introduction
We consider the system of nonlinear higher-order ordinary differential equations

() { u™ () +a®)fv(t)) =0, te(0,T),
o™ (t) + b(t)g(u(t)) =0, t€(0,T),

with the integral boundary conditions

u(()):/o u(s) dHi(s) + ao, v (0)=---=u""2(0) =0, u(T):/O u(s) dHa(s),

(BC) T T
(0) :/ v(s) dK1(s) + bo, v'(0) =--- =072 (0) =0, v(T) :/ v(s) dKa(s),
0 0
where T' > 0, n, m € N, n, m > 2, the integrals from the boundary conditions (BC) are Riemann-
Stieltjes integrals, H;, K; : [0,7] — R, i = 1,2 are functions of bounded variation, and a¢ and
bo are p051t1ve constants In the case n = 2 or m = 2 the boundary condltlons above are of
the form u(0) = fo s)dH.(s) + ao, = fo s)dHs(s), or v(0) = fo s)dK1(s) + bo,
fo s) dKa( ), respectively, that is, Wlthout condltlons on the derlvatlves of u and v at
pomt 0. The Rlemann—Stieltjes integral boundary conditions (BC) cover the Riemann integral
boundary conditions (when the functions Hi, H2, K1, K2 are continuously differentiable functions),
the multi-point boundary conditions (when the functions Hi, H2, K1, K are step functions), and
combinations between them.

By using the Schauder fixed point theorem and some properties of the associated Green’s functions,
we prove the existence of positive solutions of problem (S) — (BC) for ao, bo sufficiently small. By a
positive solution of (S) — (BC) we mean a pair of functions (u,v) € C™([0, T];R4+) x C™ ([0, T]; R+)
satisfying (S) and (BC) with u(t) > 0, v(t) > 0 for all ¢ € [0,7). Then we give sufficient
conditions for the nonexistence of positive solutions for this problem. Similar results for other three
boundary value problems are also presented. System (S) with the multi-point boundary conditions
w(0) = w'(0) = - = u"?(0) = 0, w(T) = ¥1-2 asu(&:) + ao, v(0) = v'(0) = - - = v (0) =,
v(T) = 23;12 biv(n:) + bo, (ao, bo > 0) has been investigated in [1].

Boundary value problems with positive solutions describe many phenomena in the applied sciences
such as the nonlinear diffusion generated by nonlinear sources, thermal ignition of gases and
concentration in chemical or biological problems. Problems with integral boundary conditions arise
in thermal conduction problems, semiconductor problems and hydrodynamic problems. In the last
decades, many authors investigated differential equations or systems of differential equations with
integral boundary conditions, for which they prove the existence, multiplicity and nonexistence
of positive solutions by using various methods, such as fixed point theorems in cones, the Leray-
Schauder continuation theorem, nonlinear alternatives of Leray-Schauder type, fixed point index
theory and coincidence degree theory (see, for example, [2], [3], [4], [5], [6], [7], [8], [9], [10], [11],
(12], [13], [14], [15]).

The paper is organized as follows. Section 2 contains some auxiliary results. The main theorems
are presented in Section 3, and in Section 4 we give an example which supports our results.

2 Auxiliary Results

In this section we present some auxiliary results from [16] related to the following n-order differential

equation
u™ () +2(t) =0, te(0,T), (2.1)



Luca and Tudorache; BJMCS, 19(8), 1-10, 2016; Article no.BJMCS.2991

with the integral boundary conditions

u(0) = /0 w(s)dHi(s), v'(0)=---= u(n_Q)(O) =0, w(T)= /0 u(s) dHa(s), (2.2)

where n € N, n > 2, and Hh H2 : [0 T] — R are functions of bounded variation. If n = 2, the
condition (2.2) has the form u( fo s)dH: (s fo s) dHs(s).

Lemma 2.1. (/16]) If H1, H2 are functions of bounded variation, A; = (1 — fOT ng(s)) X
XfOT s"TrdH,(s) + (1 —fOT dHl(s)) (T"_1 —fOT s”_lde(s)) # 0, and z € C[0,T], then the
solution u € C™[0,T] of (2.1)-(2.2) is given by u(t) = fOT G1(t, s)z(s) ds, where the Green’s function

G is defined by
T
Gilt9) =mr(t.s) 4 5 (=) (1= [ anin)
1 0

4 /OT(T*H — ) de(T)} /OTgl(T, 5)dH; () (23)

e {t (1 - / ' dH1(T)> + / ' T”*dmm} / " g1 )t (o),

for all (t,s) € [0,T] x [0,T], and

1 n—1 _ n—1 _ gmn—1 _ n—1 < <t<
{t (T —s) T (t—s)", 0<s<t<T, (2.4)

91(t8) = G T { N T s, 0<t<s<T.
Lemma 2.2. ([16]) The function g1 given by (2.4) has the properties:

a) g1 : [0,7] x [0,T] = R is a continuous function, gi(t,s) > 0 for all (t,s) € [0,T] x [0,T],
q1(t,s) >0 for all (t,s) € (0,T) x (0,7T).

b) gl(t7 5) <h (3) Jor all (t 5) [07 T] X [OvT}: where hy (8) = %

¢) g1(t,s) > k1(t)hi(s) for all (t,s) € [0,T] x [0, T], where

tnfl

_ n—2 n—1 T N1’ 0§t§T/27
k1(t) = min { ((Z 1t));m—17 n tl)Tn—1 } = ((T;: 12)?7;—21
B B ~ L T/2<t<T.
w1 [/2sts

Lemma 2.3. ([16]) Assume that H1, H> : [0,T7] — R are nondecreasing functions, H1(T)—H1(0) <
1 and H2(T) — H2(0) < 1. Then the Green’s function G1 of problem (2.1)-(2.2), given by (2.3),
satisfies the properties

a) G1 : [0,T] x [0,T] — R is a continuous function, Gi(t,s) > 0 for all (t,s) € [0,T] x [0,T],
and G1(t,s) > 0 for all (t,s) € (0,T) x (0,T).
b) Gi(t,s) < Ji(s), V(t,s) €[0,T] x [0,T], where J1(s) = T1h1(s), s €[0,T] and

=1+ Ai {T"’l(l — Hy(T) + Ha(0) +/O (T - T"*)ng(T)]
< (H(T) — Hi(0)) + — {T” W)+ o+ [

A " rdH, (T)]
x (H2(T) — H2(0))

0
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c) Gi(t,s) > yi(t)Ji(s), V(t,s) €[0,T] x [0,T), where

) = - {0+ 32 (77 =00 = (D) + 1(0)
+ /0 (T = 7 )dHQ(T)} /0 b (7)dH ()

+Ai1[t"-1<1_H1<T>+H1<0>>+/OT "l (r }/ k1 (7)dHa >}

Lemma 2.4. ([16]) Assume that H1, H2 : [0,T] — R are nondecreasing functions, H1(T)—H1(0) <
1, Ho(T)—H2(0) < 1, and z € C[0,T] with z(t) > 0 for allt € [0, T]. Then the solution u of problem
(2.1)-(2.2), given in Lemma 2.1, satisfies the inequalities u(t) > 0 and u(t) > v1(t) maxy cjo,r) u(t')
for all t €10, 7).

We can also formulate similar results as Lemmas 2.1-2.4 for the ordinary differential equation
o)+ 2(t) =0, 0<t<T, (2.5)

with the integral boundary conditions

U(O)z/o v(s) dKi(s), v'(0)=---=v""2(0) =0, U(T):/O v(s) dKa(s), (2.6)

where m € N, m > 2, K1, K2 :[0,7] — R are nondecreasing functions and }3 € C[O T} In the case
m = 2, the boundary conditions have the form v( fo s) dKq( fo s)dKa(s). We
denote by Az, g2, G2, ha, ka2, 72, J2 and 72 the correspondlng constants and functlons for problem
(2.5)-(2.6) defined in a similar manner as Ay, g1, G1, h1, k1, 71, J1 and ~1, respectively.

In the proof of our existence result, we shall use the Schauder fixed point theorem which we present
now.

Theorem 2.5. Let X be a Banach space and Y C X a nonempty, bounded, convexr and closed
subset. If the operator A :Y — Y is completely continuous, then A has at least one fized point.

3 Main Results

We present the assumptions that we shall use in the sequel.

(J1) Hi, Hs, K1, K2 : [0,7] — R are nondecreasing functions, H,(T) — H1(0) < 1, Ho(T) —
HQ(O) < 17 Kl(T) — Kl(O) < 1 and Kz(T) — KQ(O) < 1.

(J2) The functions a, b : [0,T] — [0, 00) are continuous and there exist ¢1, t2 € (0,7") such that
a(tl) >0, b(tQ) > 0.

(J3) f, g:[0,00) — [0,00) are continuous functions and there exists co > 0 such that f(u) < <,
g(u) < 22 for all u € [0, o], where L = max{fOT a(s)J1(s) ds, fOT b(s)J2(s)ds} and Ji, Jo are
defined in Section 2.

(J4) f, g:[0,00) — [0,00) are continuous functions and satisfy the conditions

limM:oo lim M:

u—oco U u—oo U

Our first theorem is the following existence result for problem (S) — (BC).

Theorem 3.1. Assume that assumptions (J1) — (J3) hold. Then problem (S) — (BC') has at least
one positive solution for ap > 0 and by > 0 sufficiently small.
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Proof. By (J1)-(J2), we deduce that fo s)Ji(s)ds > 0 and fo Ja2(s)ds > 0, that is, the
constant L from (J3) is positive. We conslder the problems

h(")()—() te(OT), a1
{ = [[ h(s)dHi(s) +1, h'(0)=---=h""2(0) =0, h(T)= [, h(s)dHa(s), (8-1)
k<m>()—0 t € (0,7), -
{ = [ k(s)dK1(s) +1, K'(0)=---=k""2(0) =0, k(T) = [ k(s) dKa(s). (82)

The above problems (3.1) and (3.2) have the solutions

h(t) = A} {ft"*l (1 - /oTTdH2(S)) +7 - /OTTS"I ng(s)] , te[0,T], 0
k(t) = =~ [4’”*1 <1 7/0 dKz(s)) +7m ! 7/0 smfldKz(s)} , te[0,T],

respectively, where A; and Aj are defined in Section 2. By assumption (J1) we obtain h(¢) > 0
and k(t) > 0 for all ¢ € [0,T).

We define the functions x(t) and y(¢), t € [0,T] by z(t) = u(t) — aoh(t) and y(t) = v(t) — bok(t) for
all ¢t € [0, 7], where (u,v) is a solution of (S) — (BC). Then (S) — (BC) can be equivalently written

- { a ™ (t) + a(t) f(y(t) + bok(t)) =0, t € (0,T), (3.4)
() (1) 4+ b(t)g(z(t) + aoh(t)) =0, t € (0,T), :

with the boundary conditions

z(0) = /O (s)dHi(s), 2'(0) = =2""2(0) =0, 2(T) = /0 x(s) dHs(s), (3.5)
4(0) = / y(s) dK1(s), 4/(0) = - = 5™ D(0) =0, y(T) = / y(s) K (s).

Using the Green’s functions G1 and G from Section 2, we find a pair (z,y) is a solution of problem
(3.4)-(3.5) if and only if (x,y) is a solution for the nonlinear integral equations

/ G1(t, s) (/ Ga(s,7)b(7)g(z(T) + aoh(T)) dTerok(s)) ds,

(3.6)
y(t / Ga(t, s)b(s)g(z(s) + aoh(s))ds, 0 <t <T,
0
where h(t), k(t), t € [0,T] are given by (3.3).
We consider the Banach space X = C[0,7] with the supremum norm || - || and define the set

E={zeC[0,T], 0<x(t) <co, Vt€[0,T]} C X.
We also define the operator A: F — X by
/ Gi(t,s) (/ Ga(s, 7)b(1)g(x(T) + aoh(7))dr + bok(s)> ds,
0<t<T, z€EFE.

For sufficiently small ap > 0 and bo > 0, by (J3), we deduce that f(y(t) + bok(t)) < ¢ and
g(z(t) + aoh(t)) < <2 for all t € [0,T] and z,y € E. Then, by using Lemma 2.4, we obtain
(Az)(t) >0 forallt € [0,T] and x € E.
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By Lemma 2.3, for all x € E, we have

/ Ga(s, 7)b(1)g(x(T) + aoh(7)) dr < / J2(7)b(7)g(x(7) + aoh(7)) dr
0 0

< fo TJQ(T)b(T)d’TSCO, Vs e [0,T],
and
/ Ji(s (/ Ga(s,7)b(1)g(z(T) + aoh(T))dT + bok(s)) ds
<L (s)a(s)ds < cg, YVt €0,T].

Therefore A(E) C E.

Using standard arguments, we deduce that A is completely continuous. By Theorem 2.5, we
conclude that A has a fixed point € E. This element together with y given by (3.6) represents a
solution for (3.4)-(3.5). This shows that our problem (S) — (BC') has a positive solution (u,v) with
u = x + aoh, v =y + bok for sufficiently small ao and bg. O

In what follows, we present sufficient conditions for the nonexistence of positive solutions of (S) —
(BC).

Theorem 3.2. Assume that assumptions (J1), (J2) and (J4) hold. Then problem (S) — (BC) has
no positive solution for ap and by sufficiently large.

Proof. We suppose that (u,v) is a positive solution of (S) — (BC). Then (z,y) with z = u — aoh,
y = v —bok is a solution for (3.4)-(3.5), where h and k are the solutions of problems (3.1) and (3.2),
respectively, (given by (3.3)). By (J2) there exists ¢ € (0,7/2) such that t1, t2 € (¢,T — ¢), and
then fT “a(s)Ji(s)ds > 0, f s)J2(s)ds > 0. Now by using Lemma 2.4, we have z(t) > 0,
y(t) > 0 for all t € [0,7], and 1nfte[c7T_c] z(t) > ’y(f||x|| and inficper—q y(t) > 'yQHyH, where
’Y? = infte[c,ch] et (t)7 ’YQD = inftG[c,ch] 72(t)

Using now (3.3), we deduce that

. CHr = ML= . T e =

Therefore, we obtain

. h(T —
inf  (2(t) + aoh(t)) > Az + a0 e afl > i (2] + aollAl)) > r ]z + aohl]
t€le,T—c] h’(o)

. k(T —c

inf (y(t) + bok(8)) > 2 lwll + bo X~k > oyl + bollkl) > rally + bk
te[e,T—c] k(o)

where r1 = min {7?7 A (0) C)} ro = min {73, k(kT@c) }

-1
We now consider R = (mm {727”1 fc b(s)J2(s) ds, 79ra fCT_C a(s)J1(s) ds}) > 0.

By using (J4), for R defined above, we conclude that there exists M > 0 such that f(u) >
2Ru, g(u) > 2Ru for all u > M. We consider ap > 0 and by > 0 sufficiently large such that
infiepe,r—e)(z(t) + aoh(t)) > M and infieper—e(y(t) + bok(t)) > M. By (J2), (3.4), (3.5) and the
above inequalities, we deduce that ||z|| > 0 and ||y|| > 0.
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Now by using Lemma 2.3 and the above considerations, we have

T

y(e) = | Ga(c,8)b(s)g(x(s) + aoh(s)) ds = /O Y2(€)J2(5)b(s)g(z(s) + aoh(s)) ds

c
> 73/
¢ T—c

> 2Rvg/ J2(s)b(s) inf  (z(7) + aoh(T)) ds

¢ T€[c,T—c]

J2(s)b(s)g(x(s) + aoh(s))ds > 2R’yg/ h J2(8)b(s)(z(s) + aoh(s)) ds

T—c
> 2R’ygr1/ J2(8)b(s)||z + aoh| ds > 2||x + aoh|| > 2|z||.

Therefore, we obtain

2]l <y(e)/2 < lyll/2. (3.7)

In a similar manner, we deduce

z(c) = Jo Gi(c,s)a(s)f(y(s) + bok(s)) ds Z/O Yi(e)Ji(s)a(s)f(y(s) + bok(s)) ds

> 7?/ Ji(s)a(s)f(y(s) + bok(s)) ds = 237?/ h Ji(s)a(s)(y(s) + bok(s)) ds

> 2RAY / Ji(s)a(s) _inf  (y(r) + bok(r)) ds

¢ TE€[e,T—c]

T—c
> 2R’y(1)r2/ Ji(s)a(s)|ly + bok|| ds > 2||y + bok|| > 2||y]|.

So, we obtain

lyll < 2(e)/2 < l=ll/2. (3-8)

By (3.7) and (3.8), we conclude that ||z| < |ly||/2 < ||=||/4, which is a contradiction, because
|lz|| > 0. Then, for ap and by sufficiently large, our problem (S) — (BC') has no positive solution. O

Similar results as Theorems 3.1 and 3.2 can be obtained if instead of boundary conditions (BC) we

have

(BCh)

or

(BC?)

or

(BCs)

u(0) :/0 u(s) dHq(s), u/(()) =... :u("72)(()) =0, u(T) :/o u(s) dHa(s) + ao,
U(O):/O v(s) dKi(s), v'(0)=---=0v""2(0) =0, U(T):/O v(s) dKs(s) + bo,
u(0) = /O u(s) dHy(s) + a0, v/ (0)=---=u""2(0) =0, u(T) = /0 u(s) dHa(s),
v(O):/O v(s) dKi(s), v'(0)=---=0v"""2(0) =0, U(T):/O v(s) dKa(s) + bo,
u(O):/O u(s)dH(s), u'(0)=---=u""2(0) =0, u(T)= ; u(s) dHa(s) + ao,
U(O)z/o v(s) dK1(s) + bo, v'(0)=---=0"""2(0)=0, v(T) = ; v(s) dKa(s),

where ag and by are positive constants.
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For problem (S) — (BC1), instead of functions h and k from the proof of Theorem 3.1, the solutions
of problems

™ () =0, te(0,T),
T

ﬁ(o):/ h(s)dH,(s), h'(0)=---=h""2(0) =0, E(T):/Tﬁ(s) dHa(s) +1, (3.9)
k™ () =0, te(0,T),
EO0)= [ k(s)dKi(s), kK'(0)=---=k™2(0)=0, K(T)= / k(s) dKa(s) + 1 (3.10)

are

() = Ail {t"‘l (1 - /OT dH1(s)> +/OT s"_ldH1(s)] L teo,T],
k(t) = A% [tm_l (1 - /OT dKl(s)) +/0T sm‘ldKl(s)} , teo,T),

respectively. By assumption (J1) we obtain h(t) > 0 and k(t) > 0 for all t € (0, T).

For problem (S) — (BC3), instead of functions h and k from the proof of Theorem 3.1, the solutions
of problems (3.1) and (3.10) are the functions h and k, respectively, which satisfy h(t) > 0 for all

€ [0,T) and k(t) > 0 for all t € (0,T]. For problem (S) — (BCs), instead of functions h and k
from the proof of Theorem 3.1, the solutions of problems (3.9) and (3.2) are the functions h and k,
respectively, which satisfy h(t) > 0 for all ¢ € (0,T] and k(t) > 0 for all t € [0, T).

Therefore we also obtain the following results.

Theorem 3.3. Assume that assumptions (J1) — (J3) hold. Then problem (S) — (BC1) has at least
one positive solution (u(t) > 0 and v(t) > 0 for allt € (0,T]) for ap > 0 and by > 0 sufficiently
small.

Theorem 3.4. Assume that assumptions (J1), (J2) and (J4) hold. Then problem (S) — (BC1)
has no positive solution (u(t) > 0 and v(t) > 0 for all t € (0,T]) for ao and by sufficiently large.

Theorem 3.5. Assume that assumptions (J1) — (J3) hold. Then problem (S)— (BC2) has at least
one positive solution (u(t) > 0 for all t € [0,T), and v(t) > 0 for all t € (0,T]) for ap > 0 and
bo > 0 sufficiently small.

Theorem 3.6. Assume that assumptions (J1), (J2) and (J4) hold. Then problem (S) — (BC2)
has no positive solution (u(t) > 0 for allt € [0,T), and v(t) > 0 for all t € (0,T]) for ao and by
sufficiently large.

Theorem 3.7. Assume that assumptions (J1) — (J3) hold. Then problem (S) — (BCs) has at least
one positive solution (u(t) > 0 for all t € (0,T], and v(t) > 0 for all t € [0,T)) for ap > 0 and
bo > 0 sufficiently small.

Theorem 3.8. Assume that assumptions (J1), (J2) and (J4) hold. Then problem (S) — (BCs)
has no positive solution (u(t) > 0 for all t € (0,T), and v(t) > 0 for all t € [0,T)) for ao and by
sufficiently large.
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4 An Example

We consider T =1, n = 3, m = 4, a(t) = at®, b(t) = bt*, for all t € [0,1] with a, b > 0, Hy(t) = %,
Kz(t) = t3/2, and

0, tel0,1/3), 0. ten1/2)
B ﬁi@g 2. w0 ={ B 12
Then we have fo u(s) 1(s )= 3 u(s) ds, fo s)dHa(s) = zu (3) + ( ) fo s)dK (s
v (3), [y v(s)dKa(s) = gfl s)ds. We also consider the functlons f, : [0,00) — [O,oo),

f(:c) zﬁ+c7 g( ) = 5+[{ for allxe [0,00), with @, b, &, d > 0, a, 8,7,8 >0, a > 8+ 1, and
v > § 4+ 1. We have limz o0 f(2)/2 = limz— o0 g(x) /2 = 00

Therefore, we consider the nonlinear higher-order differential system
2 av*(t)

u® (t) + at (t)+E:0’ te(0,1),
(50) v<4)(t)+bt3bu7(t)~:0 te(0,1)
w(t)+d ”

with the boundary conditions

uw(0) = 4 [1s*u(s)ds + a0, u'(0) =0, u(1) = tu(L)+tu(2),
(BCo) { v(0) = %’U(EZ) +bo, v'(0) =2"(0)=0, v(l)= %fol s?v(s) ds.

Then, we obtain Hi(1) — H1(0) = 1 < 1, Hz(1) — H2(0) = 2 < 1, Ki(1) = K1(0) = 3 < 1
and Kz( ) — K2(0) = 2 < 1. We deduce that assurnptions (J1), (J2) and (J4 are satisfied.
We also obtain Ay = 22, Ay = 13 7 = 228 7, = 32 1y(s) = s(1 — 5)%, ha(s) = 1s(1 —s)%,

Ji(s) = 235(1 — 5)%, and Ja(s) = s(1—s)°, s € [0,1]

By using the above functions Ji and Ja, we deduce A = fol s2Ji(s)ds =~ 0.04767442, B

fl s3Ja2(s) ds ~ 0.00467033, and then L = max{ag bé} We choose ¢o = 1 and if we select @, b, ¢, d
satisfying the conditions @ < £ = (1 +¢) mm{ bB} b< 1+d = (1 + d) min {ﬁ, %} , then
i< 1, g(x) < ~<7forallm€[0 1]. For example, if a =2, b = 3,

we conclude that f(z) < 195

c=d= 1, then for @ < 20.97 and b < 20.97 the above conditions for f and g are satisfied. So,
assumption (J3) is also satisfied. By Theorems 3.1 and 3.2 we deduce that problem (Sy) — (BCo)
has at least one positive solution (here u(t) > 0 and v(¢) > 0 for all ¢ € [0, 1]) for sufficiently small
aop > 0 and bo > 0, and no positive solution for sufficiently large ao and bg.

5 Conclusion

In this paper, we studied the system of nonlinear higher-order ordinary differential equations
(S) with the Riemann-Stieltjes integral boundary conditions (BC') which contain some positive
constants. By using the Schauder fixed point theorem and some properties of the associated
Green’s functions, we show that this problem has at least one positive solution for sufficiently small
constants. Then, we give sufficient conditions for the nonexistence of positive solutions. Similar
results for other three boundary value problems are also presented.
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