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Introduction 

Atherosclerosis is a disease of the arteries characterized 
by the deposition of plaques of fatty material on vessel 
walls (Malek et al 1999, Nixon et al 2010). Low shear 
stress, high vessel pressure distribution and high particle 
residence time in the region of the atherosclerosis are 
considered as three risk factors for the development of 
such intimal thickenings (Chytilová and Malík 2007, 
Cecchi et al 2011). 
Since arterial bifurcations are one of the most important 
susceptible locations for formation of atherosclerotic 
plaques, a lot of researches have been done so far target-
ing the analysis and prediction of this phenomena in 
bifurcations experimentally (Friedman et al 1993, Schulz 
and Rothwell 2001, Zhang et al 2010), theoretically 
(Perktold et al 1991a, Lu et al 2002, Chen and Lu 2004, 
2006, Tadjfar 2006, Bressloff 2007, Nguyen et al 2008, 
Fan et al 2009, Arjmandi-Tash et al 2011) or in a 
combined manner (Perktold et al 1991b, Wells et al 
1996, Marshall et al 2004, Lee et al 2008). They investi-
gated local hemodynamics governed by the rheological 

properties of blood and geometrical factors of bifurca-
tions such as proximal area ratio, distal area ratio, 
bifurcation tortuosity, bifurcation angle and planarity. 
Chen and Lu (2004, 2006) constructed a hypothetical 
three-dimensional non-planar artery with bifurcation and 
numerically investigated the steady and pulsatile flow of 
non-Newtonian fluid in this bifurcation model. They 
found that the non-planarity of blood vessels is important 
factor in hemodynamics and plays a significant role in 
vascular biology and pathophysiology. On the other 
hand, Perktold et al (1991a) and Fan et al (2009) numer-
ically compared non-Newtonian and Newtonian models 
in the human carotid artery bifurcation. They concluded 
that blood can be considered as a Newtonian fluid with 
good approximation. By doing some in vitro experi-
ments, Friedman et al (1993) investigated the relation-
ship between the angle formed by the left circumflex and 
left anterior descending coronary arteries at the bifurca-
tion of the left main coronary artery. Their results 
showed a small branching angle may be a geometric risk 
factor for proximal atherosclerotic disease in daughter 
vessels. From the other point of view, Perktold et al 
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(1991b) and Wells et al (1996) analyzed flow and stress 
patterns in human carotid artery bifurcation models with 
different bifurcation angles. Their findings did not 
confirm the Friedman et al (1993) results and indicated 
that the hemodynamic phenomena are more pronounced 
in the large angle carotid bifurcation. Similarly, Nguyen 
et al (2008) concluded that larger bifurcation angles and 
larger off-plan angles lower the WSS on the sinus wall, 
hence increasing the risk of plaque build-up. Also, Lee et 
al (2008) investigated geometric risk factors on deposi-
tion of plaques and demonstrated that there is not any 
significant relationship between disturbed flow and both 
bifurcation angle and planarity.  

Reviewing the literature shows that there are various 
conclusions about the influence of bifurcation angle on 
development of atherosclerotic plaques; thus it motivates 
us to carry out the present study. A comprehensive 
analysis of the influence of different bifurcation angles 
on WSS distribution and formation of separation regions 
is presented in this report. This work also lies in the 
effect of non-planarity of one daughter vessel on the 
flow pattern in planar bifurcation location for different 
bifurcation angles. Three pulse cycle time-averaged 
WSS distributions are illustrated to simplify complex 

cardiac cycle of values. Such analysis may lead us to 
predict the risk factors for atherosclerosis in a real condi-
tion.  
 
Materials and methods  
In this paper, the hypothetical model of Lu et al (Lu et al 
2002, Chen and Lu 2004, 2006) for an arterial bifurca-
tion with a non-planar daughter branch is utilized. The 
mother vessel’s length before bifurcation is set to 3D 
where D is the diameter of all the vessels. This vessel is 
symmetrically divided into two daughter vessels with an 
angle θ in between. After bifurcation, one of the vessels 
continues planar for 1.5D length and then undergoes a 
45˚ bending with a radius of 4D before it straightens up 
for a further length of 4D. This is what is referred to by 
non-planar branch. Another daughter vessel is straight 
in-plane for a length of 8D. A schematic representation 
of this bifurcation is shown in Fig. 1.  As suggested in 
(Perktold et al 1991b), D = 6.2 mm is used in the 
calculations. On the other hand and while in the original 
model, two daughter vessels are normal to each other, 
cases with 60˚ and 75˚ between the daughter vessels are 
also considered in the present study to explore the effect 
of bifurcation angle. 

 

 
Fig. 1. Bifurcation model with planar and non-planar daughter vessels. 
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Pulsatile blood flow in a bifurcation model 

Considering blood as incompressible and Newtonian 
fluid (Perktold et al 1991a, Fan et al 2009), the Navier–
Stokes equations are expressed as followings (Bird et al 
2002): 
 

(1): 0=⋅∇ u                                                                                                                                                 

(2): upuu
t
u 2∇+−∇=






 ∇⋅+
∂
∂ µρ                                                                                                               

 

Where, u denotes the velocity vector and p the pressure, 
ρ and µ refer to the density and dynamic viscosity, 
respectively. The values of ρ and µ are set to 1030kg/m3 
and 0.004 Pa.s (Nguyen et al 2008). 
Similar to (Perktold et al 1991b), the flow at the inlet of 
mother vessel is considered pulsatile with a periodicity 
of T = 0.8334 s (proportional to 72 beat per minute) as 
shown in Fig. 2. 
 

 
Fig. 2. Pulsatile flow rate curve in the common carotid with 
period T = 0.8334 s. 

 

Inlet Reynolds number varies between 206 (end of 
diastole) to 687 (peak systole) and the Womersley 
number based on the period of the flow pulse is equal to 
4.32. At inlet of mother vessel, Womersley boundary 
conditions with time-dependent velocity profiles are 
imposed. At the vessel wall, the no-slip condition and at 
the exit of each daughter vessel, constant pressure and 
zero axial velocity gradient are used. The governing 
equations can be solved by using a time-accurate finite 
element method based on fractional-step velocity 
correction (Lu et al 2002, Chen and Lu 2004, 2006, 
Kovacs and Kawahara 1991). The Galerkin finite 
element (Kovacs and Kawahara 1991) is applied to non-
uniformly grid of 262544, 276520 and 286469 quadratic 
tetrahedral elements for 90˚, 75˚ and 60˚ bifurcation 
angles, respectively. The grids are clustered near the 
walls in radial direction where high variable gradients 
are expected. 

Results and discussion 
To validate the calculations, we tried to re-solve the 
problem of a pulsatile flow of Newtonian fluid in 90° 
bifurcation angle model, similar to what was investigated 
by Chen and Lu (2006). Fig. 3 compares the results of 
two calculations and shows they are in good agreement. 
This verifies our computational code. 
Distributions of WSS along generating lines on vessels 
are shown in Figs. 4-9 at peak systole and the end of 
diastole. Also Figs. 10-12 illustrate three pulse cycle 
time-averaged distributions of WSS. In all the cases, 
horizontal axis indicates the position on generating lines 
with respect to the exit of mother vessel at the point of 
bifurcation. Comparisons of WSS at peak systole (Figs. 
4-6) and end of diastole (Figs. 7-9) reveal the fact that by 
increasing mean velocity and thinning the viscous 
boundary layer at peak systole, WSS increases during 
systolic phase for three bifurcation angles.  
Figures 4, 7 and 10 give the distributions of WSS along 
four generating lines on the mother vessels for different 
bifurcation angles at peak systole, end of diastole and 
pulse cycle time-average, respectively. As shown in 
Figs. 4(a,b), 7(a,b) and 10(a,b), WSSs decrease at 
bifurcation region along lines 1’-1 and 2’-2. Decrease is 
more remarkable for 90˚ bifurcation angle at peak 
systole (83% decrease) in comparison with    the end of 
diastole (80% decrease). In addition, this WSS drop 
occurs closer to the apex of bifurcation for the case of 
60˚ bifurcation angle compared to the other cases. On the 
other hand, distributions of WSS along lines E-A and F-
C in Figs. 4(c,d), 7(c,d) and 10(c,d) show that just before 
the bifurcation region, WSSs increase, especially for 90˚ 
bifurcation angle. 
Figs. 5, 8 and 11 also give the distributions of WSS 
along the generating lines on the planar daughter vessel 
for three bifurcation angles at peak systole, end of 
diastole and pulse cycle time-average, respectively. As 
shown in Figs. 5(a,b), 8(a,b) and 11(a,b), WSSs increase 
along lines 1-3 and 2-4 near the inlet of planar daughter 
vessel and then decrease and become stable. This 
behavior is more remarkable at peak systole and for the 
case of 90˚ bifurcation angle. Also these figures show 
that, the WSS peaks come closer to the entry section of 
daughter vessel as bifurcation angle increases. On the 
other hand, at the outer side of the bifurcation plane 
along lines A-A’ in Figs. 5(c), 8(c) and 11(c), WSSs 
decrease considerably. With Increasing the bifurcation 
angle, the position of minimum WSS along line A-A’ 
approaches the entry section of the daughter vessel. 
After these drops, WSSs increase specially for larger 
bifurcation angles and become almost stable soon. 
Results of the minimum WSSs along line A-A’ for 
different bifurcation angles are summarized in Table 1. It 
is clear in this table that the case with 90˚ bifurcation 
angle has the least WSS at the peak systole amongst the 
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others. Just the other way around, Figs. 5(d), 8(d) and 
11(d) show that immediately after the stagnation region 
at apex of bifurcation, WSS suddenly peaks up to a 
maximum value along line B-B’ and then saturates in a 
low value downstream of the flow.Comparison of the 
maximum values of WSS along this line (Table 2) 

illustrates that WSS for the case of 60˚ bifurcation angle 
and at peak systole is the largest among the others. 
Nevertheless, this initial peak falls faster for lower 
bifurcation angles as one moves away from the bifurca-
tion apex, resulting in lower WSS at lower bifurcation 
angles. 

 

 

 

 

 
Fig. 3. Comparison of the computed WSS distributions for 90° bifurcation angle along generating lines on daughter vessels with the results 
of Chen and Lu (2006) at peak systole: a) 1-3; b) 2-4; c) A-A'; d) B-B'; e) 1-5; f) 2-6; g) C-C'; h) D-D'.  
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Pulsatile blood flow in a bifurcation model 

 

 

 
Fig. 4. Distributions of WSS along four generating lines on the mother vessels at peak systole for three bifurcation angles: a) 1'-1; b) 2'-2; c) 
E-A; d) F-C. 
 
 
 

 

 
Fig. 5. Distributions of WSS along four generating lines on the planar daughter vessels at peak systole for three bifurcation angles: a) 1-3; 
b) 2-4; c) A-A'; d) B-B'. 
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Fig. 6. Distributions of WSS along four generating lines on the non-planar daughter vessels at peak systole for three bifurcation angles: a) 
1-5; b) 2-6; c) C-C'; d) D-D'. 
 
 
 

 

 
Fig. 7. Distributions of WSS along four generating lines on the mother vessels at the end of diastole for three bifurcation angles: a) 1'-1; b) 
2'-2; c) E-A; d) F-C. 
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Pulsatile blood flow in a bifurcation model 

 
 

 

 
Fig. 8. Distributions of WSS along four generating lines on the planar daughter vessels at the end of diastole for three bifurcation angles: a) 
1-3; b) 2-4; c) A-A'; d) B-B'. 
 
 
 

 

 
Fig. 9. Distributions of WSS along four generating lines on the non-planar daughter vessels at the end of diastole for three bifurcation 
angles: a) 1-5; b) 2-6; c) C-C'; d) D-D'. 
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Fig. 10. Time-averaged distributions of WSS along four generating lines on the mother vessels for three bifurcation angles: a) 1'-1; b) 2'-2; 
c) E-A; d) F-C. 
 
 
 

 

 
Fig. 11. Time-averaged distributions of WSS along four generating lines on the planar daughter vessels for three bifurcation angles: a) 1-3; 
b) 2-4; c) A-A'; d) B-B'. 
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Pulsatile blood flow in a bifurcation model 

 

 
Fig. 12. Time-averaged distributions of WSS along four generating lines on the non-planar daughter vessels for three bifurcation angles: a) 
1-5; b) 2-6; c) C-C'; d) D-D'. 
 
 
 
Table 1. Minimum values of WSS along generating lines on vessels for three bifurcation angles, (the unit of values is Pa) 

 Minimum WSS at peak systole Minimum WSS at end of diastole Minimum time average WSS 
Bifurcation angle Line A-A' Line C-C' Line A-A' Line C-C' Line A-A' Line C-C' 

90˚ 0.0699 0.0454 0.0751 0.0520 0.0734 0.0502 
75˚ 0.1278 0.1170 0.1397 0.1305 0.1351 0.1280 
60˚ 0.1517 0.1431 0.1606 0.1577 0.1583 0.1503 

 
 
 
Table 2. Maximum values of WSS along generating lines on vessels for three bifurcation angles, (the unit of values is Pa) 

 Maximum WSS at peak systole Maximum WSS at end of diastole Maximum time average WSS 
Bifurcation angle Line B-B' Line D-D' Line B-B' Line D-D' Line B-B' Line D-D' 

90˚ 16.3563 17.0361 6.4992 6.5963 10.5700 10.8951 
75˚ 17.2207 19.1308 6.7564 6.9376 11.0656 11.9666 
60˚ 19.8435 21.0329 6.8840 7.3449 12.1570 12.8866 

 
The distributions of WSS along four generating lines on 
non-planar daughter vessel for three bifurcation angles at 
peak systole, end of diastole and pulse cycle time-
average are presented in Figs. 6, 9 and 12, respectively. 
As shown in Figs. 6(a), 9(a) and 12(a), the distributions 
of WSS along line 1-5 at the entry section of non-planar 
daughter vessel are similar to the distributions of WSS 
along lines 1-3, but moving to outer side of the bend, 
WSS values increase to get local maximums at the 
vicinity of Bo point. This local maximum for the case of 
60˚ bifurcation angle and at the end of diastole is the 
absolute maximum of WSS along lines 1-5. This shows 
that the bending has a stronger effect than the bifurcation 

on increasing the WSS values for the case of 60˚. Also, 
as shown in Figs. 6(b), 9(b) and 12(b), the distributions 
of WSS along lines 2-6 at the entry section of non-planar 
daughter vessel are similar to the distributions of WSS 
along lines 2-4, but as moving to the inner side of bend, 
the WSS values decrease to get local minimum at the 
vicinity of Bi point. WSS profiles along lines C-C’ and 
D-D’ in Figs. 6(c,d), 9(c,d) and 12(c,d) are similar to the 
WSS distributions along lines A-A’ and B-B, 
respectively; however there are slightly difference along 
lines C-C’ and A-A’. Also in contrary with the line A-
A’, the WSS values along line C-C’ decrease gradually 
after the bending region. 
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Comparison of the minimum WSSs along lines A-A’ and 
C-C’ (Table 1) shows that the minimum values along 
line C-C’ are lower than the values along line A-A’. 
Also Table 2 shows that the maximum WSSs along line 
D-D’ are higher than the maximum values along line B-
B’ for all the cases. This reveals the effect of non-planar 
branch on the WSS distribution at bifurcation region.  
 
Conclusion 
Wall shear stress on the vessel wall is an important risk 
factor for the development of atherosclerosis since it is 
believed that the atherosclerotic plaques form in the 
regions of low WSS. In this study a bifurcation model 
with a non-planar daughter vessel is analyzed 
numerically under physiologically relevant pulsatile 
blood flow. WSS distributions during blood pulses are 
illustrated for different bifurcation angles.  
WSS values are low in two locations in mother vessel, in 
the vicinity of the points 1 and 2. These locations are 
prone to separation due to the existence of stagnation 
regions of dividing surface, more considerable for high 
bifurcation angles and for high values of the incoming 
flow Reynolds number (peak systole). Minimum WSS 
occurs at the outer side of the bifurcation plane, in the 
vicinity of points A and C, where it approaches to zero. 
These locations are also prone to separation. At the outer 
side of bifurcation plane, the minimum values of WSS 
decline at higher bifurcation angles. These observations 
are in good agreement with the last reports (Tadjfar 
2006, Nguyen et al 2008, Perktold et al 1991b, Wells et 
al 1996) but not absolutely refuse the conclusion of 
Friedman et al (1993) because, on the other hand, 
increasing the bifurcation angle squeezes low WSS 
region. In other words, a decisive conclusion on the issue 
that which bifurcation angles favor the development of 
atherosclerotic lesions is strongly dependent on the 
criterion around WSS value. Higher bifurcation angles 
are more susceptible locations for the deposition of 
plaques in the case that lower minimum value of WSS is 
considered as criterion and if bigger low WSS region is 
supposed to be criterion, lower bifurcation angles will be 
more susceptible branches for development of 
atherosclerotic lesions. Furthermore, at systolic phase 
there is a higher possibility of formation of a separation 
region at the outer side of the bifurcation plane for all the 
angles. Maximum WSSs happen on the inner wall in 
bifurcation plane and these peaks fall in higher bifurca-
tion angles. This is due to the fact that the flow has not 
turned far from the wall at the inlet of daughter vessels 
and there is a large component of normal velocity 
gradient as well as axial wall gradient in the normal 
direction.  
The non-planarity of daughter vessel lowers the 
minimum WSS at the outer side of bifurcation plane and 
increases the maximum WSS at inner side. This is due to 

the fact that the non-planarity in the daughter vessel 
swerves the flow from the outer side to the inner side of 
bifurcation at the side of non-planar branch. So, it seems 
that the formation of a separation region and 
atherosclerotic plaques at the outer side of bifurcation 
plane at the side of non-planar daughter vessel is more 
risky. Moreover, the non-planarity in the daughter vessel 
shifts the streamlines of the flow from the inner to the 
outer side of bend.  
All these findings confirm that there are, indeed, several 
geometrical factors that affect the local hydrodynamic 
and WSS distributions at bifurcation regions and they 
can alter the residence time of particles and biological 
cells in the vicinity of vascular endothelium. 
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