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The aim of this paper is to study the warped product pointwise semislant submanifolds in the para-cosymplectic manifold with
the semi-Riemannian metric. For which, firstly we provide the more generalized definition of pointwise slant submanifolds and
related characterization results followed by the definition of pointwise slant distributions and pointwise semislant
submanifolds. We also derive some results for different foliations on distribution, and lastly, we defined pointwise semislant
warped product submanifold, given existence and nonexistence results, basic lemmas, theorems, and optimal inequalities for

the ambient manifold.

1. Introduction

To generalize the Riemannian product manifolds, Bishop
and O’Neil [1] introduced the concept of warped product
for the manifolds with negative curvature and showed the
surface of revolution as the simplest example of warped
product manifold. The authors of [2-5] studied the warped
product submanifolds for different manifolds. Warped prod-
uct plays the beneficial role in encoding the universe, and the
inequalities related to the second fundamental form with the
warping function cover the wide as well as important section
of it. These were firstly formulated by Chen in [6, 7].
Warped product for lightlike manifolds for the first time
was studied in [8] and for semi-Riemannian manifold under
the name PR-warped product on para-Kahler manifold in
[9], where he derived the aforesaid inequalities for the case
of semi-Riemannian metric. From there, the study on
warped product escalates among geometers with also in view
that the same has so many applications in the physics mainly
in general relativity and black hole theory [10].

Beside this, the name slant submanifolds were intro-
duced as the generalized version of holomorphic and totally
real cases of submanifolds by Chen in [11]. Further, the
theory extended to various manifolds with Riemannian as
well as semi-Riemannian metric by many geometers. Later,
in 2017, the authors in [12] defined the slant submanifolds
irrespective of the writinger angle for the semi-Riemannian
manifold and formulated three cases which are separately
explained and achieved some effective results with bunch
of examples. They defined it in terms of quotient g(¢X, tX)/
g(JX, JX) which is constant for the case of slant submani-
folds for every vector field X (spacelike or timelike) on the
submanifold M of manifold (M, ], g). As slant and semislant
submanifolds generalized to pointwise slant submanifolds
(former called quasi slant) by Etayo in [13], Chen and Garay
studied the same for the almost Hermitian case [14]. Sahin
[15] defined pointwise semislant notion of submanifolds
with an example. Recently, there are many interesting papers
related with submanifold theory, singularity theory, classical
differential geometry, etc. The readers can find more details
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about those techniques and theories in a series of papers
[16-29]. Moreover, interdisciplinary research is one of the
hottest trends in science; in the future work, we intend to
apply and combine the techniques and results presented in
[16-25] alongside with the methods in this paper to obtain
more new results.

The paper is structured as follows: Section 2 contains the
preliminary knowledge about ambient manifold, submani-
fold, and warped product with some important lemmas.
Section 3 defines the pointwise slant submanifold, character-
ization lemma, and an example. Section 4 and Section 5 deal
with the study of the pointwise slant distributions and point-
wise semislant submanifolds, respectively. Section 6 includes
the definition of warped product, some nonexistence results,
lemmas, and theorems provided with an example. Finally,
inequalities for the same submanifold are given in Section 7.

2. Preliminaries

Definition 1. A (2m + 1)-dimensional smooth manifold M
admits (¢, &,7, g) structure with ¢ as a (1,1)-tensor field,
& as a characteristic vector field, 7 as a globally differen-
tial 1-form, and g as a semi-Riemannian metric named as
an almost paracontact semi-Riemannian manifold (M, ¢,
&, 1, g) which satisfies

g’ =1-n®&nE) =1, (1)

g )==gle-»e-)+n(m() (2)

where I represents an identity transformation of tangent
space of M and ® represents a tensor product. A struc-

ture compatible semi-Riemannian metric “g” relates to #
as [30].

98 =n(). (3)

Equations (1) and (2) easily ensure the following:

rank (¢) =2m,
95 =0, (4)
ne¢=0,
glp-> ) +g(>9-)=0. (5)
Let @ be the fundamental 2-form on M; then,
P, ) =dn( ) =g(>9)- (6)

Basis. An almost paracontact semi-Riemannian manifold
always exists with a ¢ — basis{ E,, E%, £}, a certain type of local
pseudoorthonormal basis which includes E;, £ as space-like,
and E? = ¢, as timelike vector fields.

Definition 2 (see [31]). An almost paracontact semi-
Riemannian manifold M is termed as para-cosymplectic if
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the forms # and @ are parallel with respect to the Levi-
Civita connection V by

(7)

Lemma 3. Let M be a para-cosymplectic manifold with struc-
ture vector field & € T(TM); then,

ﬁxf =0, (8)
VX e I'(TM).

Proof. Directly follow with the help of Equations (4) and (7)
and covariant differentiation. O

2.1. Submanifold. Let M be an isometrically immersed
submanifold of a para-cosymplectic manifold M with an
induced nondegenerate metric g (denoted metric by same

symbol as on M), denoting V as Levi-Civita connection
and h as the second fundamental form on M. Thus, the
Gauss-Weingarten formulas are

Vi =VyiY +h(X,Y), (9)

Vil = -AX + Vi, (10)

for X, Y e I'(TM) (tangent bundle), and { € I'(TM*) (nor-
mal bundle); V* denotes normal connection, and A denotes

shape operator associated with the normal section on M.
The metric relation of A; and h is given as

9(AX,Y) =g(h(X,Y),0). (11)
Every X € I'(TM) is split as

eX =tX +nX. (12)

Similarly, every { € I(TM*") is split as
o=t +n"(, (13)

where tX and t+{ (nX and n*{) are the tangential parts (nor-
mal parts) of X and ¢(, respectively. Based on Equation
(12), the submanifold M classifies as anti-invariant if t =0
or invariant if n=0 on M. After using Equation (12) in
Equation (5), we get

g(X,tY)=—g(tX,Y). (14)

Now, from Lemma 3 and Equation (11), we have our
next result.
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Lemma 4. If M is a submanifold immersed in a para-

cosymplectic manifold M with structure vector field & €
I'(TM), then

V€=V X=VE=0,
h(X,&) =0, (15)

A(£ = 0, A(XJ_E,

for every X eI'(TM) and { € I(TM™).

Next, let us take two semi-Riemannian manifolds (M,
g,) and (Mp, g,) and a positive smooth function f on Mj.
Taking My x M as the product manifold along with canon-
ical projections,

0, : MgXMp—> My,
(16)

0y : MpXMp— Mp,

such that o, (pg, pr) = pp and o,(pg, pr) = py for any point
p=(pp Pr) € Mg x M. Then, the product manifold M, =

Mg x My is called warped product if metric g called the
warped metric on M, can be formulated as

9(X,Y) = gy(0y * (X), 0, % (V) (17)
+(f201)°g,(0; * (X), 05 % (Y)).

For every X,Y eI'(TM,,), “+” represents the derivation
map, and we call f as a warping function. Abstractly, the
metric can be written as

9=9,+19, (18)

where the warped product My, = My x ;M is split into a

product of the base space M and the fiber space M, except
that the fiber M, is warped [1, 32].

Proposition 5 (see [32]). The warped product submanifold
My, =My x ;Mp satisfies
(i) Vi Y = T(TM,)
(i) VU =V X = (XfIf)U
(iii) Vi,V =V, U = (g(U, V)If)Vf

for X, Y e I'(TMy) and U,V e I'(TMy), where V is the Levi-

Civita connection on My, V' is the connection on Mp, and
Vf is the gradient of f defined as g(Vf,X) = X{f.

Further, let {e,, -.ex, €x,1>'*€ams1 } De @ local orthonor-
mal basis on TM among which {e,, e, } are tangent to
M and {ex,,> *»€y,,41 ; are normal to M. If we set

= alh(ensy). o)
%Y €{ep et (19)

k€ {exis€ma >

then we get
2m+1 .
hene) = Y e e =glew e (20)
k=K+1

where hiy are the coefficients of h. Accordingly, squared
norm of the second fundamental form / is defined as

K+1

k]| = Z sxeyg(h(ex, ey),h(ex, ey)). (21)

x,y=1

3. Pointwise Slant Submanifolds

The semi-Riemannian manifold has difficulty of defining the
Writinger angle as the vector fields may be timelike. Thus,
the next definition is in the view of [12], generalizing the slant
submanifold in our ambient semi-Riemannian manifold.

Definition 6. An isometrically immersed submanifold M of
an almost paracontact manifold M is termed as pointwise
slant if at every point p € M, the quotient g(tX, tX)/g(¢X,
@X)=A(0) for >0 is independent of the choice of any
nonzero spacelike or timelike vector X € M, where M, =
{XeT,M: g(X,§)=0}. For slant angle 6, we say A(0) a
slant coefficient.

Remark 7. The value of A(8) can be

(i) A(0) = cosh*(0) € [l,00) for [tX|/|pX|>1; tX is
timelike or spacelike of each spacelike or timelike
vector field X adding 6> 0

(i) A(0) =cos*(0) € [0, 1] for |tX|/|pX]| < 1; tX is time-
like or spacelike of each spacelike or timelike vector
field X adding 0 <6 <27

(iii) A(6) = —sinh?(0) € (—00,0] for tX is timelike or
spacelike for any timelike or spacelike vector field
X adding 6 >0

Remark 8. The special cases are as follows:

(i) The constant value of A(8) throughout M implies M
is slant submanifold [11, 12]

(ii) The point p € M is called a complex point if t = ¢,
which means that the slant coefficient 1(9) is equal



to 1. The submanifold with every point as complex
point is complex or holomorphic submanifold

(iii) The point p € M is called a totally real point if t =0,
which means that the slant coefficient A(0) is equal
to 0. The submanifold with every point as totally
real point is totally real submanifold

Furthermore, let us take the union of all M P’s and denot-
ing the same by

T"M=| J{X eM,|g(X,§)=0}. (22)
peEM

Lemma 9. The submanifold M isometrically immersed in
para-cosymplectic manifold M is a pointwise slant subma-
nifold if and only if on every point p e M; there exists
A€ (—00,00) for some 0>0 such that ?X=MA(0)X for
each spacelike (or timelike) vector field X € M,

Proof. For each point p of a pointwise slant submanifold M,
the definition (22) follow as

g(tX, tX) = A(0) g(¢X, ¢X), (23)

for X € T,M. With the use of Equations (5) and (14) and the
condition that X € T,M in Equation (23), we get the desired
result. O

Proceeding further with some results which are not hard
to prove, any pointwise slant submanifold M satisfies

g(tX, tY) = A(0)g(9X, pY) = -A(0)g (X, Y),

g(nX,nY)=(1-4(0))g(¢X, ¢Y) =-(1-1(0))9(X, Y),
(24)

for X, Y e T*M.

Proposition 10. The submanifold M of a para-cosymplectic
manifold M is pointwise slant submanifold if and only if

(i) t'nX = (1-A(0))X and ntX = —n*nX for any space-
like (or timelike) vector field X € I'(TM)

(ii) (nl)ZC = M0)¢ for nonlightlike normal vector field (,
where A(0) is the slant coefficient of M

Proof. Assume M as a pointwise slant submanifold.

(i) Then for every X € T*M, ¢*X = X. On other way,

P X=X +ntX +t"nX+n"nX.  (25)

Equating tangential and normal parts and using
Lemma 9, we can attain the result
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(ii) Since { € I'(TM™), thus there exists X € I'(T*M) as
M is pointwise slant submanifold such that nX =.
Now, (n/)z( =ntntnX=-n"ntX=nt?X=21(0){.
The converse can be easily derived using same
equations

O

Theorem 11 (see [33]). A totally geodesic and connected
pointwise slant submanifold M of a para-cosymplectic mani-
fold M is a slant submanifold.

4. Pointwise Slant Distributions

Analogous to [34], we generalize slant distributions by defin-
ing pointwise slant distributions in M. Furthermore, we
study some basic characterizations for the distributions on
our ambient manifold.

Definition 12. A pointwise slant distribution ® on M is a
differentiable distribution for which the quotient g(fgX,
tX)/g(@X, pX) = Ay (0) is independent of the choice of
any spacelike or timelike vector field X € D,. Here,

(i) D, is the distribution at point p € M

(ii) teX is the projection of ¢X on the distribution D

(ili) Ag(0) is the slant coefficient corresponding to the
distribution ® on M for 6>0, and the value of
Ao () may be cos h*6, cos?6, or sin h’0

Remark 13.

(1) A pointwise slant distribution ® is invariant if
txX =X with Ay(0)=1 or anti-invariant for
t5X =0 with A5 (0) = 0. Other than these two cases,
we call the distribution to be proper pointwise slant
distribution [12]

(2) The distribution ® on M is as follows [9, 31]:
(i) totally geodesic: if h(X,Y) =0
(ii) involutive: if [X, Y] € D

for every X, Y € ®.

Corollary 14. The distribution D on the submanifold M is
pointwise slant distribution if and only if there exists A5 (0)

for 0 = 0 such that (tg)°X = Ay (0)X for any nonlightlike vec-
tor field X € D, c T,M.

Proof. The result follows similar to Lemma 9. O
5. Pointwise Semislant Submanifold

Definition 15. A submanifold M of a para-cosymplectic M is
named as pointwise semislant submanifold if the set of
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complementary orthogonal distributions {Dg,D,} exists
on M and fulfills the listed conditions:

(i) Dgq is @-invariant distribution, ie., Dy €Dy

(ili) D, is a pointwise slant distribution having A(6) as a
slant coefficient for 6 > 0

Remark 16. Further, submanifold M is

(i) proper pointwise semislant when Dq #0, D, # {0}
with nonconstant A(0)

(ii) proper slant submanifold when Dg ={0} and
D, # {0} with A(0) globally constant for 6 [35]

(ili) proper semi-invariant when Dg # {0} and D, #
{0} such that tX=0 for any X e I'(D,) [12]

(iv) invariant submanifold when ®, = {0} [35]

(v) anti-invariant submanifold when D ={0} and
tX =0 for every X e I'(D,) [35]

Remark 17. The decomposition of the tangent space can be
expressed in two ways:

(i) IfEeI(TM), the TM = (§) Dy D,

(i) If £ I(TM*), the TM =Dy’ ©D,. Here, Dy’ =
{XeDg : g(X,&) =0} < Dg. Thus, we have either
Dy =Dy or Dy = (£) @Dy [4]

Denote 9 and 9, as the projections, respectively, on the
distributions D¢ and D,. Then, any X € I'(TM) is split as

X=P,X+PX. (26)

Operating ¢, using Equation (12) and the case distribu-
tion Dq which is ¢-invariant on the previous equation, we
concluded that

tX = tP;X + tP X € [(TM), nX =nP,X € T (TM*).
(27)

As D, is pointwise slant distribution, by the conse-
quences of Corollary 14, we obtain that

£X =1(0)X, (28)

for X e I'(D,) with A(0) as the slant coefficient. Clearly, for
any point pe M, if & € TPM’ then

PX =tPs' X +tP, X + nP X, (29)

where %' is the projection on the distribution Dg'. But
this does not affect our result as & disappears when ¢ oper-
ates on Z.

However, the normal bundle denoted as TM* may be
written as

TM* =nD, &v, (30)

where v represents the subspace of normal bundle that is
invariant under ¢.

Lemma 18 (see [31]). The shape operator A of a proper
pointwise semislant submanifold M of para-cosymplectic
manifold M ensures the listed conditions:

9(PAuuS X) = g(VsU, X), (31)
AV =A,U, (32)
9(AX,U) =g (AupX, U), (34)

for Sel(TM), XeI'(TDg), U, Vel(TD,), and (€
r(T™m*).

Both when £ is normal or tangent to M, the integrability
and geodesic conditions brought out to be same after calcu-
lations for both the distributions, thus denoting them as
common Dg.

Lemma 19. If M is a proper pointwise semislant submani-
fold of para-cosymplectic manifold M, for &eI'(TM) or
EeI(TM?Y), the invariant distribution Dg on M is

(i) integrable if and only if h(tX,Y)=h(X,tY)
(ii) totally geodesic if and only if A,,; Y, =A,,tY
for X, Y €eI'(Dg) and U e I'(D,).

Proof. Equation (2) expands as
9([X. Y, U) ==g(p(VxY - V4X),0U),  (35)

for every nonzero vector fields X, Y € I'(Dg ) and U € I'(D,).
Using Equation (12) for the ¢U in Equation (35) and
followed by using Equations (5), (7), and (9) and Lemma 9,
we arrive at

(1-X(0)g([X, Y], U) = g(h(X,tY) - h(Y, tX),nU). (36)
Result (i) is clear using remark (28) as A(6) is noncon-

stant in Equation (36). Again, from Gauss formula and
Equation (2),

9(VxY,U) = 9(§ny U) = —g(sﬁxY, st) (37)



Employing Equations (7), (9), (11), (12), and (28) and
Remark 16 in Equation (37), result (ii) follows. O

Lemma 20. If M is a proper pointwise semislant submanifold
of para-cosymplectic manifold M, for £ € I'(TM) or &€
I'(TM*), the pointwise slant distribution D, on M is

(i) involutive if and only if

g(AnVU _AnUV’ tX) = g(AntUV_AntVU’X)
(38)

(ii) totally geodesic if and only if

g(AthX’ U) = g(AntVX’ U) (39)

for X eI'(Dg) and U,V € ['(D,).
Proof. Equation (2) implies

9([U, V], X) =-g([U, V], oX) + n([U, V])n(X),  (40)

for every nonzero vector fields X € I'(Dg) and U, V €
I'(D,). Solving separately the term {g(@[U, V], ¢X)} using
Equations (5), (7), (10), (12), and (28), we receive

99U, V], 9X) =A(0)g([U, V], X)
+ g(l'(@)V(Q)U -A O ©)v, x)
- g(AnVU - AnUV’ (PX)
+ g(AntVU_AntUV’X)’

(41)
where A'(0) is the first derivative of A(8). Surely, U, V are
orthogonal to X after using this fact in Equation (41), and
substituting in Equation (40), we get

(1=A(0)g([U, V], X) = g(=A, 1w U + A1y V> X)
+9(A U-A,,V, tX) (42)
+n({U, VI)n(X).

For & € I'(TM), one can replace X by & in Equation (42),
and consequently, we get

~MO)g([U, V].§) = g(h(U, §), ntV) = g(h(V, ), ntU).
(43)

Using Lemma 4 in Equation (43) and for reason that
A(0) a nonconstant, we get

n(U, V)) = 0. (44)
Therefore, in Equation (42) using Equation (44) along

with the facts that M is proper, we arrived at the desired
result (i).
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Further, using Gauss formula and employing Equations
(2), (7), (9), (11), (12), and (28) give

9(VyV.X) = MO)g(VxY, U) + (X 0)U() V. X)
+9(A, X, U) = g(A,vtX, U)U(ﬁUV)’?(X)'

(45)

Since & € I'(TM), we can replace X by & in Equation (45),
and consequently, we get

(1=-20)n(VyU) =-g(A, & V) +n(VyU),

(46)
(=AO)n(VyU) ==g(A, w5 V).
Using Lemma 4 in above expression, we get
n(VyU) =n(VyU) =o. (47)

Hence, Equation (45) implies that

(1=-M0))(Vy V. X) =g(A, X, U) = g(A,wtX, U).  (48)

Thus, from (48) and M as proper, X, Y, U as nonnull
vector fields, the proof of the (ii) directly follows. O

6. Pointwise Semislant Warped
Product Submanifold

Definition 21. A pointwise semislant warped product subma-
nifold M of a para-cosymplectic manifold M is a warped
product of an invariant submanifold M+ and a proper point-
wise slant submanifold M), either in the form Mg x ;M) or
M), x Mg, where f is a positive smooth function taken on
first submanifold in the product and slant coefficient of M,
is A(6). A trivial product is the case of such submanifold for
which warping function f is constant.

Proposition 22 (see [33]). A nontrivial pointwise semislant
warped product submanifold M of the form M) x ;Mg

with €€ I'(TM*") does not exist on a para-cosymplectic
manifold M.

Proposition 23 (see [33]). A nontrivial pointwise semislant
warped product submanifold M of the form M) x ;Mg

with & e I'(TM) does not exist on a para-cosymplectic man-
ifold M.

Proposition 24. A nontrivial pointwise semislant warped
product submanifold M of the form Mg x (M, with §€

I(TM,) does not exist on a para-cosymplectic manifold M.

Proof. Directly follow from Lemma 4 and Proposition 5. [J
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Lemma 25. For a nontrivial pointwise semislant warped
product submanifold M = Mg x (M, of a para-cosymplectic
manifold M,

g(h(X, U),ntU) - g(h(X,tU),nU) =0, (49)

g(h(X, tU), nU) = A(6) (X In )g(U, U), (50)
VX € I'(Dg) and U € I'(D,).

Proof.

(1) Since g(h(X, U),ntU) = g(V4U,ntU) for Xe
I'(TMg) and U € I'(M,), on right side, using Equa-
tions (5), (7), and (12), Proposition 5, and Lemma
9, we have

g(h(X,U),ntU) =—(X1n f)g(tU, tU)
—g(%XnU, tU) (51)
-A0)(XIn f)g(U, U).

Equations (10), (11), and (14) and Lemma 9 further
help to achieve (49)

(2) As g(h(X, tU), nU) = g(V 4tU, nU), next substitut-
ing nU = ¢@U —tU applying Equations (5) and (7),
Proposition 5, and Lemma 9 and the facts that My
is invariant, we get (50)

O

Proposition 26. If M = Mg x (M, is a nontrivial pointwise

semislant warped product submanifold of a para-cosymplectic

manifold M, then

(1- A(e))g(ﬁxu, Y) = g(h(X, 1Y), nU) — g(h(X, Y), ntU),
(52)

(1- A(e))g(%v, X) = g(h(U, tX), nV) - g(h(U, X), ntV),
(53)

VX,Y eI'(Dy) and U,V € I'(D;).
Proof. As g(VxU, Y) ==g(@VxU,@Y),n(V,U) = -g(V &,
U) = 0. Using Equations (7), (9), and (12) and Lemma 9 in

above expression gives (52). In similar way, we can prove (53).
O

Lemma 27. A nontrivial proper pointwise semislant subma-
nifold M = Mg x ;M) of a para-cosymplectic manifold M

satisfies

g(h(X, Y),nU) =0, (54)

7
g(h(X, V), nU) = ~gX(Inf)g(V, U) - X(in f)g(tV, U),
(55)
g(h(X,tV),nU)=—-9X(In f)g(tV,U) (56)
-AM0)X(Inf)g(V,U),
g(h(X, V), ntU)=-eX(In f)g(V, tU) (57)

+A(0)X(In f)g(V, U),
VX, Y €I(Dg) and U, V € I'(D,).

Proof. Result (54) is not hard to prove using Equations (7),
(12), and (14) and Proposition 5. Substituting tU =V in
Equation (49) gives g(h(X,V),nU) = g(h(X,U),nV); one
can replace nV =@V —tV, and using Equations (5) and (7)
and Proposition 5 gives (55). Putting V =tV and U =tU,
respectively, in Equation (55) gives results (56) and (57). [

Lemma 28. If M = Mg X ;M) is a nontrivial pointwise semi-
slant warped product submanifold of a para-cosymplectic
manifold M, then

(i) for E€ I(TMgy),

g(h(tX, V), nU) = =(X = n(X)&)(In f)g(V, U)
—¢X(Inf)g(tV, U)
(58)

(ii) for Ee T(TM*),

g(h(tX,V),nU)=-X(In f)g(V, U)

(59)
—¢X(Inf)g(tV, U)

VX € I'(Dg) and U,V e T(D,).
Proof. Replacing X = ¢X in Equation (55) and having the
fact that submanifold Mg is invariant, both results directly
follow. O

Proposition 29. Let M =Mg X (M, be nontrivial point-
wise semislant warped product submanifold of a para-
cosymplectic manifold M, then

g(h(X, V), ntU) - g(h(X, tU), nV) =" (0)X(0)g(U, V),
(60)

VX €I(Dg) and U,V eT(D,), and A'(0) is the first
derivative of slant coefficient.

Proof. Using metric and para-cosymplectic condition

9<§XU> V) :_9(§X‘PUJPV)> (61)



this expression under the effect of Equations (5), (9), (12),
and (14) turns as

g(ﬁXU, V) = —g(@xtU, tv) — g(h(X, tU), nV))
+g(§xt*nU+nan, V). o

Further, using Propositions 10 and (5) ended with the
desired result. O

Proposition 30. A nontrivial pointwise semislant warped
product submanifold M = Mg x (M, of a para-cosymplectic

manifold M satisfies the following:
(i) For £ e I'(TM),

g(h(tX, V), nU) + g(h(X, V), ntU)

(63)
=—[(1-M0))X -n(X)¢](In f)g(V, V)
(ii) For & e I(TM™),
g(h(tX, V), nU) + g(h(X, V), ntU) (64)

= ~[(1=A(6))X])(1n f)g (V. U)

VX e I(TMg) and U, V € T(TM,).

Proof. Lemma 28 and Equation (57) of Proposition 26
directly give the results. O

Definition 31. The submanifold M = Mg x (M) is named as
mixed totally geodesic if for every X € I'(Dg ) and U € I'(D,)

h(X,U)=0. (65)

Theorem 32. If M =Mq x (M, is a mixed totally geodesic
pointwise semislant warped product submanifold of a para-
cosymplectic manifold M, following cases arise:

(i) IfE e I'(TM), then M is either a trivial product or a
warped product of a holomorphic (complex) subma-
nifold and a totally real submanifold

(ii) If &€ e [(TM™), then M is either a trivial product or a
warped product of two complex submanifolds

Proof. Using definition (59), M satisfies h(X, U) =0 as well
as h(¢X,U)=0 (as Mg is ¢-invariant) for X € I'(TMg)
and U € I'(TM,). Using this condition in proposition (58)
when & e I'(TM), we get

[(1=A(0))1X = n(X)¢](In f)g(V,U)=0.  (66)

Indicate either In f =0 implies the trivial case or [(1 —
A(0)]X =n(X)E, after taking inner product with &, and in
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the view of Remark 8, the condition for the totally real
holds for the submanifold M,. Following similar way for
the second case, we ended up with A(0) =1 which is the
condition for complex submanifold. O

Theorem 33. A mixed totally geodesic pointwise semislant
warped product submanifold M =Mgq x (M) of a para-

cosymplectic manifold M satisfies
e(ntU In f)|[X| = g((ﬁxt)x, tU), (67)

V spacelike (or timelike) vector fields X e I'(TMg) and
UeI(TM,).

Proof. As g(VytX,tU) = g(Vy)X, tU) + g(tV 4 X, tU),
under the effects of Equation (14), Proposition 5, and Lemma
9, it turns

g(ﬁxtx, tU) =g(§xt)x, tU) +A(6)(U In f)g(X, X).
(68)

Other way, g(VytX,tU)+ g(VynX,tU)=g(V X,
tU); with this expression under the use of Equations (5),
(7), and (12), Proposition 5, and Lemma 9, g(?XnX, tU) =
0 and M as mixed totally geodesic, we have

g(ﬁxtx, tU) = A(6)(U In f)g(X, X) + &(ntU In f)|| X|]*.
(69)

This expression with the use of Equation (68) and for the
reason vector field X can be spacelike or timelike yields the
result. O

Example 34. Consider a 7-dimensional smooth manifold
M=R®xR*cR” having standard Cartesian coordinates
as (1, ¥ V3 V4 Vsr Ve £) and defining a structure (¢, ¢,
1.g) as

Pe) =€y, Pe; = €5, Pe3 = €5, Pey =€), Pes = €,

pes = e, pe; =0,
E=e,n=dtandg(e,e;) = g(e, e,) = g(es, e3)
=g(ee;) =1,

glesey) = gl(es: e5) = g(egs €5) = —1,
(70)

for {e,, e, } as alocal orthonormal frame on I'( TM). Obvi-
ously, M over (¢,&1,g) fufills the condition of para-
cosymplectic manifold. Let M be a submanifold of M with
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& tangent to it and defined for x,y € R, u,v>0 and some
k(constant) as

M(x,y,u,v,2) = ((x + y) cosh u, (x + y) sinh v, u, (x + y)
- sinh u, (x +y) cosh v, v, kx — ky + z).

(71)
The vector fields that generates the tangent bundle TM are

X = cosh ue, + sinh ve, + sinh ue, + cosh ve; + ke,

Y = cosh ue, + sinh ve, + sinh ue, + cosh ves — ke,

U= (x+y) sinh ue, +e; + (x+y) cosh ue,, (72)
V = (x+y) cosh ve, + (x + y) sinh ve; + ¢,

Z=e,.

After calculations, it is found that the invariant distribu-
tions (Dg ® <€) is the span of subspace {X,Y,Z} and
pointwise slant distribution D, is the span of subspace {U,

V} with 22 = (1/(1 - x* —2)*)Id such that x? + y* # 1; then,
the slant coefficient is

(i) A(0) =cosh?0 for x* +y* < 1
(ii) A(6) =cos?6 for x* + y* > 1

As the distributions (Dq & <€) and D, are integrable,
let M and M, be their respective integral manifolds such
that M = Mg X /M), turns a nontrivial 5-dimensional point-

wise semislant warped product submanifold of M with
induced metric g(semi-Riemannian) as

g=kdX* +I2dY? +dZ* + (1-x* - y*) {dU* - dV?},
(73)
with warping function f = /(1 — x2 — »2).

Let M be an another submanifold of M with & normal to
it and defined for x, y,u, v € R as

M(x, y, u,v) = (xu, X, U+ yv, yu, u + v, xv, 0). (74)
Then, the vector fields that generates TM are
X =ue, +e,+veg,
Y =ve; + ue, + e,
U=uxe, +e;+ye, +es,

V = ye; + xeg).

The invariant distribution Dq is the span of subspace
{X, Y}, and pointwise slant distribution D, is the span of

subspace {U, V} with 2= (x/(x> - y2)*)I such that x* #
% then, the slant coefficient is

(i) A(8) =cosh 20 for x* > y*
(ii) A(6) =cos?6 for y* > x>
As the distributions D¢ and D, are integrable, let M

and M, be their respective integral manifolds such that
M = Mg x (M, turns a nontrivial 4-dimensional pointwise

semislant warped product submanifold of M with induced
metric g(semi-Riemannian) as

g= 1+ =v)dxX? - (1+ 4> —v")dY?

(76)
+ (x2 —}/2){dU2 - dVZ},

with warping function f =./(x2 - y2).
7. Inequalities

This section includes the geometric sharp inequalities for the
aforesaid submanifold M = Mg x ;M) for the case § tangent
and normal to M.

Lemma 35 (see [31]). Let M = Mg X M) be a pointwise semi-
slant warped product submanifold of a para-cosymplectic man-
ifold M. Then, M ensures

g(h(X, U),8) = -g(h(X, 9U), ¢(), (77)
g(h(X, U), ¢{) = -g(Vx9U,{), (78)
g(h(X, U), ) =~-g(Vz9U. (), (79)

VX eI'(Dg), Uel(D,), and { € I'(v).

Theorem 36. Let M = Mg x (M) be a pointwise semislant

warped product submanifold of a para-cosymplectic manifold
M with EeT(TM). If My is an invariant submanifold of
(2n, + 1)-dimension and M, is a proper pointwise slant
submanifold 2n,-dimension satisfying V@D, C ¢D,, the
succeeding inequalities holds for h

2
[]|* = ny(1+2°(0)||VIn £|° + ‘ 3% forS, =S,

(80)

2
1h? < ny(1+2%(6)|Vin £ + Hh?s for$,<S,,

where A(0) is the slant coefficient corresponding to M,,
V(ln f) is the gradient of Inf, ||hv®2||2:g(hv(®5,§)z),
h,(Dg, D)) with its v component and invariant distri-
bution Dg, S;=(h,)* + (K)’, and S, = (k)" + (k).
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Proof. For & e I'(TM), choose the local orthonormal frame
on the following:

(a) Mg by {e;,e; =¢e;} for i={l,-,n; and e;=¢ for
i=2n; +1 such that g(e,e;) =¢; =1 implies g(e;,
ey)=¢,=—1and g(&,&)=¢ =1

(b) M, by (2,2, = (1\/[A@)te,} for r={1n;)
and such that g(e,.e)=¢, =1 implies g(e, e )=
g =-1

(0) (nM)) by & =(1/y/|-
n,), having g(e, 2,) =
@(} such that g({,, ;) =
g =-1

(1-A(6))|)ne, for r={1,-
g&,=-1and on v by {CI,CZ

_1 1mphes g((, ,zz )

Compute ||h]|* which is given as

I = [12(Der> De)|* + 2| 1(Dgs DI + [1~(Do D)

(81)
The first term ||h(Dg, Dy )||* can be expanded as
IIh(gs’gs)llzzg( (D3> Da) 1(Dg, Dg))
= Z )-h(ene)))
i,j=0
tErg; (h( i" ]) (ell,e]))
+egpg(h(ese;), hiesep)) (82)
wercgalben o) her )

+ Zososg (eg> €:)> h(ep €;))
eO)’h(ei’ ea))]'

As Dq is totally geodesic and Equation (54) of Lemma
27 directs that h(Dg, Dg) € v using which, we can write

+&gg(h(es

h(epe;) = hily+ My h(eg e)) = Hy + Wy,

h(eney) =BG+ hiyCu h(er ep) = oG+ hi
(83)
h(ep €;) = ol + Hiolr,

h(ep ) =

hOzCl + hOz(l' ( ) =
ool + hgocl’-
Simplifying these expressions in Equation (82) and using

Equation (19) and Lemma 4 and in view of orthonormal
frame, we get

1h(De, D)

n ny

= X300 0) } {00 - 00)')
{4 =)} () - ()}
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The integrable condition of the D4 and Equation (77) of
the Lemma 35 implies that

W)=y -y
After substitution of Equation (84) in (86), we get

M

1\? 2 D ||?
||h(@s’®s)|2:42”2[<hij> - (1) } =||A
i,j=1I=1
(87)
For the second part, we have
17D Dy)II* = g(h(Dg> D), h(Dg D))
= Y leEg(hene,). hiese,))
i=1r=1
+8’8rg(h<ez’> r)’h(ei”ér)) (88)
+egpg(hlesep), hie,e))
+ E4E /g(h(elr, E,J), h(ei/,ér,))
+80 rg(h(e ér)’h(ez’ér))

where

ey ) =y, + By ML e ) =5, 3y

(89)

h(ene,)=h e+ b ¢+ H .0y, hiere) o)
= hls,rrlés + hi’r’cl + hil/rrcl/,

h(eO’ ) h()re + hOrcl + h()rcl’ (60, ) (91)

= ho/es + hOr/(l + I’lor/(l/.

After simplifying Equation (88) using expressions in
Equation (91), we get

{ ) (hb)z—<h¢~>2—<hzf>2}
(1))

“
{0000~ 00 - )}

(D, D)
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Using Equations (55), (56), (58), (77), and (78), we have

hzs'r =€y (ln f)g(ér’ és)’ h?’r = _ei<1n f)g(ér’ és)’
ey =A@ I 1)g(e 2,
hl

= =A0)eq (0 f)g(en e, (1) = (1) )

(1) = (W, ) and ()= ()"

Substituting above values in Equation (92), we have

(2 D = (1-+2(6) 3 [t 1)~ (e )7
{0}y )
(94)
Since 3.71[(¢;(In £))* = (e (In £))*] = g(V(In £).¥(In f))
=||[V(In f)||* and using the condition that V'¢(D,)

c
¢(D,) in formula (78), we concluded that h(Dg,D,) <

¢(D,), above equation leads to
17(Da> Do) [P =1y (1+A2(O)[V(In f)[|*. (95

Lastly,

where the included expressions are as below:

h(e.e) = hie,+ G+ Bl
h(e,e) = hie, + B0 +hhgy
(97)
h(e, ) =, e+ h ¢+ h Ly,
h(e,es) = i, + ol + B

Employing these expressions in Equation (96) in view
of the chosen frame and simplifying, we get

(@)= 3 o ()" ()}

11

Using the condition that V*¢(D,) C¢(D,) in formula
(79), we concluded that h(D,,D,) € ¢(D,), which implies
the Equation (98) with

(e[ = 3 {02+ 05)7)

7,5,t=1 (99)

{0+ ().

Result directly follows by letting S, = (kS,)* +
S, = ()" + (I,)%. 0

Remark 37. Equality holds if S; = S,.

Theorem 38. Let M =Mq x (M, be a pointwise semislant
warped product submanifold of a para-cosymplectic manifold
M with & normal to M such that & € T(v). If Mg is an invari-
ant submanifold of 2n,-dimension and M, is a proper
pointwise slant submanifold of 2n,-dimension satisfying
VoD, € ¢D,, the succeeding inequalities holds for h

8] = ny(1+A%(60) || VIn f]|° + || e >S,,

[B]]° < ny(1+2%(0)||VIn f|| + ||hd= <S,,

(100)

where A(0) is the slant coefficient corresponding to M,,

V(ln f) is the gradient of Inf, ||h?5||2=g(hv(®g,fbg),
h,(Dg,Dg)) with its v component and invariant distri-
bution Dg, S; = (h,)* + (K)’, and S, = (k)" + (k).

Proof. For £ e I'(TM™), choose the local orthonormal frame
on the following:

(a) Mq by {e;, e, = ge;} for i={1,---,n, } such that g(e;
e;) = ¢ =1 implies g(e;, e;) =&, = -1

|-A(0)]|)te,} for r= {1,---,n2_}

> ér) = 5r =1 1mp11es g(ér/’ ér/)

(b) M, by {e,.e=(1/
and such that g(e,
ér/ = —

(c) (nM,) by e,=(1/1/]-(1 - A(0))|)ne, for r={1,,
n,}, having g(_ e)=&=-1and on v by {{;,{; =
@(} for I={1,---,n;} and {; =& for I=2ny + 1 such
that g({;,(;) =g =1 implies g({;,{y)=¢y=-1
and g(&,&) =y = 1

Further, result can be acquired carrying the same steps
as above proof and using Equations (33) and (34) of
Lemma 18. U
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